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Preface 


There is no movement more revolutionary in the entire history of science than the 
development of non-Euclidean geometry, a movement that has shaken to its foundations 
the belief that Euclid has expressed eternal truths. 

Edward Kasner and James Newman 

(Mathematics and Imagination, 1941) 


Our minds are full of geometrical notions because we use that branch of math- 
ematics continually in many areas of our daily lives. These ideas belong to what is 
known as ‘classical’ or ‘Euclidean’ geometry, but geometries also exist that work in 
different ways to the ones we were taught at school. Reading this book will not 
make you an expert in these unconventional geometries but it will show you that 
reality is much richer than we previously supposed, not only in nature but also in 
the mathematical tools we have devised to measure them. 

The following pages describe other ways of thinking about and doing geometry, 
ways that are firmly rooted in our everyday world and operating in accordance with 
Euclidean geometry. The newer geometries are occasionally accused of only being 
useful to the great minds that proposed them, but later chapters will present their 
fundamentals, hopefully in a clear and intelligible fashion. 

Perhaps the easiest way of exploring new worlds is to glimpse their pres- 
ence in the more accessible and obvious areas of daily life. Therefore, the journey 
begins with a short journey via taxicab geometry, which is based on the so-called 
‘Minkowski distance’, a concept different from ordinary understanding of what 
‘distance’ is. Our intention may be to fly away to distant, exotic lands but we have 
to start with our feet on the ground. We shall revisit Euclid to examine at first 
hand the essential elements of geometry in everyday use. Then we can move on to 
debate such things as the ‘fifth postulate’ and the ‘problem of parallels’ from which 
is born the new geometries we are interested in. 

Equipped with the best tools that mathematical theory can provide, we shall 
then enter the vast territory of the new geometries. The first step will be a recon- 
naissance, to see how the land lies. We will examine the attempts to prove the fifth 
postulate. It was only in the 18th century that the teachings of the master, Euclid, 
unassailed for centuries, were finally questioned by the most outstanding mathema- 
ticians of the time. 


PREFACE 


The failed attempts to prove the fifth postulate called into question the apparently 
unshakeable nature of traditional geometry. At this point some of the most exciting 
characters in the history of mathematics come on the scene. The history of alterna- 
tive interpretations of the fifth postulate is marked by both bafflement and genius 
in equal measure. The characters in the story are some of the best-known names 
in the world of mathematics: Lobachevski, Bolyai, Gauss, Riemann.., We'll take a 
close look at the surprising results of the first of the new geometries to be given a 
name, the hyperbolic geometry of Lobachevski and Bolyai. We shall discover how 
it revolutionised our concept of physical reality and how its impact influenced the 
research of Albert Einstein, culminating in his theory of relativity. 

Riemann’: elliptical geometry will transport us to a strange eccentric world of 
spheres, and will show us triangles with interior angles that add up to more than 
180°, We shall use spherical geometry to answer such questions as: What is the 
shortest distance between two cities on the Earth’s surface? Is it possible to measure 
the interior angles of a triangle whose corners are at Paris, London and Madrid? 
Geometrical solutions to these problems are of great use to us in our globalised 
world, where GPS can pinpoint almost every inch of the planet. 

Like a river breaking through an ancient dam, the new ideas swept away tra- 
ditional scientific notions and inspired hundreds of new ones. We shall look at the 
fundamentals of 21st-century geometry — integral and computational geometry that 
form the basis of a world of new technologies. Readers who wish to delve deeper 
into the issues raised will find a bibliography at the end of the book. There is also 
an index of topics allowing easy navigation within the text. 
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Chapter 1 


A Taxi Ride 


We often need to measure shapes in everyday life. Studying such problems is a 
mathematical discipline that the ancient Greeks named geometry. The original 
Greek word, geometrein, can be understood without much explanation: geo means 
‘land’ and metrein means ‘to measure’. When we speak of geometry we always refer 
to it in the singular. It could be said that referring to it in the plural — geometries 
~ would be something akin to announcing that there are a range of possible di- 
mensions to choose from. This may seem an esoteric notion, beyond the wit of 
ordinary people. However, that’s the way it is — other geometries do exist. 

Are scientists absolutely sure what a point in space or a straight line running 
through it actually is? Can a circle be in the shape of a rectangle? Do we really 
know what ‘parallel’ means? 

The answers to these questions are not immutable truths but have changed over 
time. Euclid stated with complete conviction that “only one parallel straight line 
can pass through a point outside a straight line,” but Lobachevski showed that a 
multitude, virtually an infinite number, could pass through it. Riemann disagreed 
with both, asserting that no parallel lines existed. Which of these great figures in the 
history of mathematics is right? Are they all right? Perhaps none of them is right? 

The aim of this section is to clarify all these uncertainties, but perhaps we had 
better start with a simple example, demonstrating graphically how so much confu- 
sion about the very nature of physical reality is possible. 

When someone travels from home to work, to a place different from where he 
lives, he calculates the time it will take him to get there on the basis of the distance 
to be covered, and he often discovers to his dismay that his calculations do not 
correspond to the real travel time. Traffic jams, traffic lights, road works — the list of 
potential delays is a long one — they all seem to conspire against the careful plans 
he has made. 

The problem is that when you imagine a journey, you trace it in your mind 
in a geometrically ideal manner, almost in a straight line. However, the reality is 
not geometrically ideal. Not only are there malfunctioning traffic lights or lorries 
unexpectedly unloading goods; the calculations are undermined because the road 
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A TAXI RIDE 


layouts and city blocks of buildings do not form perfect squares, intersections are 
not at perfect right angles... Does this make it impossible to devise a practical route 


for getting to work in the morning? 


4 
ILDEFONSO CERDA (1815-1876) 


Although known mainly for his work as an engineer and architect, Ildefonso Cerda was a man 
of many roles, who also devoted himself to economics, law and politics. His urban planning 
reform for Barcelona in the 19th century was called the Cerda Plan, and it reshaped the face 
of the city, creating one of its most quintessential neighbourhoods: \'Eixample in Catalan, or el 
Ensanche in Spanish, meaning the extension, The streets of I'Eixample are laid out in the form 


of an open grid with intersections at equal distances from each other. 


Aerial view of el Ensanche in Barcelona. 


A TAX! RIDE 
Enchanted streets 


As you might expect, reality is never perfectly geometrical; if it were, the world 
would be very dull, a tedious repetition of ordered shapes. However, order and 
rationality are important criteria that have to be taken into account in practical 
disciplines such as urban planning. For sensible reasons, the structural plans of many 
modern cities have used street layouts in the form of square blocks. One of the 
earliest examples of a grid-plan city is the I’Eixample district in the Spanish city 
of Barcelona, the brainchild of Ildefonso Cerda. VEixample will serve as an ideal 
model for this short introductory example to our subject. 

Imagine you are in l’Eixample and identify a point of departure A and a point 
of arrival B. If each city block is considered to be an equal unit, what is the distance 
in those units between points A and B? 


Looking at this drawing it is easy to imagine a triangle with a hypotenuse (the 
straight line between the two points) and two other sides (the streets running in an 
L-shape from one point to the other). In this example (shown overleaf), one side 
measures 4 units and the other 2. Applying Pythagoras’s theorem (a? =b? +c?) we 
see that the hypotenuse measures (4? +22) = 20 = 4.47 units. If we need to 
calculate travelling time, it is clear that this distance is deceptive because we cannot 
travel from one point to the other in a straight line. The real travel distance would 
be the sum of the two sides, i.e. 6 units. 


A TAXI RIDE 


a 
ae 


Bie 


We might try out different alternative routes to find the quickest way. There are 
many variations to choose from. Combining vertical and horizontal movements, 
turning into the first street and then into the second, or waiting two streets before 
turning, etc. However, the distance covered will always be 6 units. 

The illustration on the following page shows all the different routes that can be 
traced between A and B.There are 15 possibilities in total. 

It appears that actual distance is not what it seems at first glance. In its place we 
have a different concept of distance, one that we call taxicab distance. This idea of 
non-linear distances is the origin of taxicab geometry. 


a ________ 


POSSIBLE PATHS 


eee 


The expression providing the number of possible paths limited to n movements upwards and 
m movement to one side is as follows: 


prom = 04m)! 
nim! 
n{meansn factorialandis calculated from n-(n—1)-(n—2)... 2-4, forexample5!=5-4-3-2-1=120. 


In the case of I’Eixample, this calculation would be: 


(442 


)! 
42 = 
ie 4! -2! 


=15 possible paths. 
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The taxicab distance 


The version of distance normally taught in school is Euclidean distance. This is 
derived from Pythagoras’s theorem and states that the distance between two points 
Pand Q with coordinates P = (x, y,) and Q = (x,, y,) is 


AP,Q)= V(x, -%,P +(y,-7,)?- 


{n contrast, the minimum distance covered during an actual journey in a city 
arranged on a grid pattern is defined as d,.(P,Q)= |x, -~x,|+ly, -»,| 


15 


A TAXI RIDE 


ABSOLUTE VALUE 


|A] means ‘the absolute value of A’ and is the value of A obtained by ignoring its sign, If A is 
positive we assume |A| = A, and if A is negative we assume |-A| = A; similarly, |-5| = 5 


This alternative distance is known as the Manhattan distance or Minkowski distance, 
after its creator Hermann Minkowski. More popularly, and somewhat tongue in 
cheek, it is also called the taxicab distance. 

In the graphs below, the length of the dotted line indicates the value of the Eu- 
clidean distance, and the sum of the lengths of the vertical and horizontal segments 
is the the taxicab distance. If point C is set as the origin of the coordinates, point A 
can be assigned the coordinates (2, 1) and point B the coordinates (0), 5). Thus, the 
Euclidean distance is 4.47 units and the taxicab distance is 6 units. Note that the 
position of the origin of the coordinate system does not change the calculation of 


any of the distances. 


A TAXI RIDE 


In mathematics, distance is any re- 
lationship between two points A 
and B that satisfies the conditions of 
positivity, symmetry and triangular 
inequality. That is, 

1) 8(A, B) > 0 and the fact 6(A, B) = 
Q means that A = B 

2) 5(A, B) = 8(B, A) 

3) 8(A, B) < (A, C) + 8(C, B) 

The Euclidean distance d(A, B) and 
the taxicab distance d,.(A,B) are two 
examples of distances that satisfy the 
above conditions. In general, d(A,B) 
S$ d,(A,B). 


HERMANN MINKOWSKI (1864-1909) 


4D 


The German mathematician Hermann 
Minkowski developed the geometric theory 
of numbers, a geometric method of solv- 
ing problems with number theory. In 1907 
he realised that Einstein's special theory of 
relativity could be better understood by 
using a non-Euclidean geometry in a four- 
dimensional space. This notional space 
has been known as Minkowski space ever 
since. In it, time and space are not sepa- 


rate entities but connected variables in a 


of looking at the problem helped Einstein 
in his fater work, which culminated in the 


theory of general relativity. 


space, so-called spacetime. This way 
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An example with triangles 


Euclidean geometry contains the principle of triangles, known as the ‘side-angle- 
side’ congruence, which is described as follows: 

If we have two triangles with corners ABC and A,B,C, and with sides ab, ac, be 
and A,B,,A,C,, B,C, respectively, so that AB = A,B, and AC = A,C, with angle 


BAC equal to B,A,C 


congruent. 


» then side BC is equal to side B,C, that is, the triangles are 
In other words, the principle means that if two triangles have sides of equal length 
and the angle subtended by them is the same in both triangles, then the third side 
will have the same length in both triangles. The triangles are equal. 
However, this result, apparently so obvious, is completely false according to taxicab 
geometry. Consider the triangles with corners A = (3, 1), B= (1,3), C = (5,3) and 
A, = (4,4), B, = (8, 4), C, = (4, 0), shown in the following graph: 
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A TAXI RIDE 


It can be shown that 


d,,(A,B)=4=d,(A,,B,), 
and that 
d,(A,C)=4=d,(A,,C,). 


Thus, in terms of taxicab distance, the sides b = b, and ¢ =. Notice also that the 
angle BAC is equal to the angle B, A, C, (in the example it is 90°). Despite having 
equal taxicab distances, the side ais not the same length as side a , in the other trian- 
gle. We can also see that one of the triangles is equilateral (the three sides are equal) 
and the other is isosceles (only two sides are equal). They are very different triangles, 
so for them to be congruent as shown here contradicts Euclidean geometry. 


Circles 


The circle is an almost omnipresent figure in both the natural and artificial worlds, 
and hence it is perhaps the simplest of geometric shapes and the easiest to describe. 
If you think ofa circle, a host of circular objects will come to mind, so it is easy for 
us to understand the shape precisely. For example, if we consider the wheels of a 
bicycle, it is obvious that all the spokes are of the same length, otherwise it would 
be very difficult to ride the bike and easy to fall off. All the spokes are of the same 
length because all points on the rim are the same distance from the hub, Here is 
the technical definition of a circle in a plane: 


The geometric locus at which the points in a plane are equidistant from a fixed 
point is called the ‘circumference’. 


The fixed point is the centre and the equidistant length is the radius. 
Thus, if we choose a point P on a circle (with centre A and radius 7), it can be 
verified that d(P A) = r. For example, if the centre is set at (2,-1) ona graph and 


the radius is 3 units, all the points P that verify the above relationship for values of 
A and r will form the circle: 
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A TAXI RIDE 


The above graph is drawn in terms of Euclidean distance, but if the circle is 
drawn in terms of taxicab distance, a strange and very different result is obtained, 
as can be seen below: 
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We can check that the points P on this circle in the taxicab method do indeed 
satisfy d,. =(P,A)=r, using A =(2,—1) andr = 3, With the taxicab measure of distance 
what has always seemed absurd is possible — we can square the circle! 

If, we calculate the length of the circumference of the taxicab-distance circle 
in traditional terms, using the classic formula |!=2-m-r, we obtain |=2-2-3= 
18.849. However, using the taxicab method the length of the circumference is 
6+6+6+6= 24 units, and, moreover, 1 is left out of the calculation altogether, 


Ellipses 


Many other shapes that are familiar in Euclidean geometry behave strangely in 
taxicab geometry. For example, an ellipse is a set of points located around two fixed 
points, each know as a focus. The sum of the distances of all points on the ellipse 
to both foci is constant. The circle is a special type of the ellipse in which both foci 
coincide at a central point. 

In this example, the foci are A =(—3,0) and B=(3,0) and the diameter (widest 
point) is 10 units. Hence, the points P satisfy d(P,A)+d(P,B) = 10 as follows: 
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A TAXI RIDE 
If Euclidean distance is replaced by taxicab distance, we see that the set of 
points P satisfying d(P,A)+d(P,B)=10 give a completely unexpected result: 


These examples show that the shape of geometric figures is not a universal, eter- 
nal and immutable truth, but that each is relative, however difficult this may appear. 
It depends on the metric — or the type of ‘distance’ used — which is equivalent to 
saying that it depends on how you look at the problem. 

However, taxicab distance is not just a curio. It has many applications in urban 
planning. For example, it allows public facilities (hospitals, schools, tourist attractions, 
etc.) to be located at convenient distances within an urban environment, and it is 
also essential for planning an effective road network. 


Union Street 


Imagine a situation in which two urban districts are to be merged. The neighbour- 
hoods are called A and B, and the buildings within them are in blocks, as in the 
real-life Barcelona district of l"Eixample. The respective councils decide to build a 
highway to connect them, based on a very equitable but complicated condition: 
Any vehicle travelling along this road should be the same distance from A as it is 
from B. How can we design this link road? 
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In mathematical terms, the issue could be expressed as follows: What points in 
the plane are equidistant ftom A and B? 

As always, Euclidean geometry has a simple, clear solution. If, on an XY axis, 
A is set at point (0, 0) and B is set at point (4, 2), we can draw a line between A 
and B that is perpendicular to the line joining A and B and passes through a point 
equidistant from both. This is the same as calculating the points P which satisfy 


d(P,A)=d(P,B). 
But, once again, the model does not work for urban geometry. Notice how the 


Euclidean solution requires us to demolish a large number of buildings to build an 
ideal direct route, 
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The best solution is provided by taxicab geometry. It involves calculating the 
points P that satisfy d,,(P,A)=d,,(P,B). If we take any point on the route we can 
see that its distance to A is the same as its distance to B. This proposal means that 
the number of demolished buildings can be kept as small as possible. 


24 


Chapter 2 


Euclidean Geometry 


In painting, the point is the most important element. 
Vassily Kandinsky 


Geometry was originally the science of measurement. The Greek geometers learned 
to measure the extent of a line, both straight and curved, of a surface bounded by 
lines and of a volume bounded by surfaces. However, the verb ‘to measure’ quickly 
adopted a wider sense: ‘to establish relationships between geometric objects’. Geo- 
metric expressions took on forms that still apply today: The straight line r is parallel to 
the straight line, the segment AC is three times the segment AB, or the ratio of the perimetr 
of a circle to its diameter is a number that cannot be expressed as a fraction. 

To establish these relationships as truth, the geometers of Antiquity perfected a 
system that would become the mathematical method par excellence: the proof. The 
technique of the Greek geometers involved gathering the most important set of 
results (theorems) from fundamental principles ‘by long chains of reasoning’, in 
the words of Descartes in his Discourse on Method. This almost artistic skill is what 
characterises Euclidean geometry. 


Euclid, Elements and the fifth postulate 


As is the case with many other outstanding figures from the distant past, information 
on Euclid is hard to find. Neither his date of birth nor his city of origin is known 
for certain. All the available information comes from interpretations of ancient 
documents that mention geometry. These state that he lived before Archimedes, 
from approx. 325 to 265 Bc, i.e. he was a near contemporary of Ptolemy (367 — 
283 Bc). His style of reasoning suggests that he studied in Athens with disciples 
of Plato. It is known that he lived in Alexandria, teaching mathematics for over 
twenty years, because it was there that he founded the famous school where he 


did his most outstanding intellectual work. 
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EUCLIDEAN GEOMETRY 


Around the year 300 sc Euclid wrote his magnum opus, the Elements of Geom- 
etry, which contains practically all mathematics known up to that time. This book 
appears to be the most widely disseminated work after the Bible. Indeed, it was 
used as a textbook for nearly 2,000 years and was considered the unchallengeable 
basis of everyday geometry and even of common sense. The first printed version 
appeared in Venice in 1482 and was a translation from Arabic into Latin. The first 
version translated directly from Greek into Latin was published in 1505. 


A printed page from the first book of Euclid’s Elements, from the Leonardo de Basilea 
and Guillermo de Pavia edition of 1491. 
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EUCLIDEAN GEOMETRY 


The Elements of Geometry (or just Elements) consists of 13 books containing 465 
propositions, 372 theorems and 93 problems. They do not contain the usual set 
of routine calculations instilled into pupils at school but are a logical, creative and 
structured account of contemporary knowledge in the Platonic style. In accordance 
with his scientific ideal, Plato said that geometry was an intellectual discipline the 
purpose of which was inherent in itself. In Book VII of his work The Republic, he 
explains his notion of science: 


“As if this were a practical end in itself, the geometers insist on squaring, 
extending, adding, when, in fact, science is based solely on the principle of under- 
standing.” 


In the Elements, all propositions are demonstrated step by step. The first four 
books are described as Pythagorean, as they contain mainly the material studied by 
Pythagoras and his followers. They deal with plane geometry — Pythagoras’s theorem, 
the properties of triangles, parallelograms, circles and polygons, etc. 

The next two books are devoted to a study of the proportionality and similar- 
ity of polygons and contain the first reference to the golden ratio (expressed as the 
“extreme and mean ratio’ ), 

Books seven, eight and nine focus on arithmetic, dealing with problems related 
to number theory: divisibility, prime numbers, perfect numbers, etc. They define the 
Euclidean concept ofa number. Euclid understands a number to be what is nowadays 
called a measurable quantity, that is, the length of a geometric segment. 

Book ten covers the classification of numbers described as being irrational, those 
values that cannot be expressed as a fraction. The last three books examine spatial, 
three-dimensional geometry (polyhedra, spheres, etc.). Lastly, the five famous regu- 
lar polyhedra, or Platonic solids — polyhedra with faces made of regular identical 
polygons — are introduced and investigated. 

Euclid begins the Elements with simple, clear statements that can be easily and 
intuitively assimilated and are not open to question. He calls them definitions, pos- 
tulates or axioms, and from these he develops his propositions, a chain of definitions 
that lead to a proof. The foundations of the Euclidean world view are found in 
Book I of the Elements in which 23 initial definitions, 5 postulates and 48 proper- 
ties make their first appearances. 
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EUCLIDEAN GEOMETRY 


THE REGULAR POLYHEDRA 


There are only five possible regular convex polyhedra. This is perhaps why the Greeks accorded 
them special significance, connecting them with the four elements of matter: the tetrahedron 
(fire), the cube (earth), the octahedron (air), the icosahedron (water) and the dodecahedron 
(the universe). The regular polyhedra are also known as the five Platonic solids, 


Icosahedron 


Octahedron 
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EUCLIDEAN GEOMETRY 


[ EUCLIDEAN TERMINOLOGY 


Proposition: A statement of a proven truth or of a truth to be proven 

Theorem: A proposition that can be logically proven from axioms or from other previously 
proven theorems, using accepted rules of inference. 

Axiom: A proposition that is so clear and evident that it does not require a proof. Its degree of 
self-evidence is greater that than of a postulate. 

Postulate: A proposition the truth of which is accepted without proofs and which must form 
the basis of further reasoning; in other words, an assumption made as the basis of a proof. 


The initial definitions of Book I involve the point, straight line, right angle and 
parallel lines, and they form the foundation of Euclidean and other geometries: 


Definition 1: A point is that which has no part. 


Definition 2: A line is a widthless length. 


Definition 4: A straight line is a line that lies evenly with the points on itself. 


Definition 10: When a straight line standing on a straight line makes the adjacent 
angles equal to one another, each of the angles is right, and the straight line standing 
on the other is called a perpendicular to that on which it stands. 


Definition 23: Parallel straight lines are straight lines which, being in the same 
plane and being extended indefinitely in both directions, do not meet one another 


in either direction. 
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EUCLIDEAN GEOMETRY 
We then encounter the following axioms: 


1: Things that equal a third thing also equal one another. 

2: If equals are added to equals, then the wholes are equals. 

3: If equals are subtracted from equals, then the remainders are equal. 
4:Things which coincide with one another equal one another. 

5: The whole is greater than the part. 


When Euclid refers to shapes, instead of speaking of their equality he tends to 
use the word congruence. In general, congruent geometric elements are understood 
to be those that can be superimposed on each other so that they coincide. 


Euclid also establishes his five famous postulates: 

1.A straight line segment can be drawn joining any two points. 

II. Any straight line segment can be extended indefinitely in a 

straight line. 

IIL. Given any straight line segment, a circle can be drawn having the 

segment as a radius and one end point as the centre. 

IV. All right angles are congruent. 

V. If two lines are drawn that intersect a third so that the sum of the inner angles 
is less than two right angles, then the two lines must inevitably intersect each 
other on that side if extended far enough. 


I il. 
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a+B< 180° 


ste 


According to the fifth postulate, if the angles add up to less than two right 
angles, the lines will meet (converge). This must mean that the converse is true: if 
the angles add up to more than two right angles, the lines will never meet (they 
diverge). What happens if the angles add up to exactly two right angles? They can 
never converge or diverge and are said to be parallel — they never intersect. However, 
the fifth postulate soon aroused suspicions. Firstly, its wording is more complicated 
than that of the others, and it stands out as neither clear nor intuitive. Euclid does 


not even come to use postulate V until he presents his 29th postulate: 
The sum of the angles of a triangle is two right angles (180°). 


As Euclid later proved, this second property, no. 29, is equivalent to the fifth 
postulate. All triangles are formed by the intersection of two non-parallel lines that 
are then connected by a third. The parallel lines of postulate V are a special case, 
where the third connecting line is perpendicular to both the other two, and these 
two angles add up to 180°, leaving nothing left for a third angle that completes 
the triangle. According to Euclid, therefore, no triangle can form with two right 
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angles. Pythagoras’s famous theorem also appears as another special case of postulate 
V where just one of the angles is 90°, and so: 


“In a right-angled triangle, the square of the hypotenuse is equal to the sum of 
the square of the other two sides.” 


A closer look reveals that there are, in fact, several equivalents of the fifth 
postulate, appearing in many more places than Euclid perhaps intended. 


Statements equivalent to the fifth postulate 


The fifth postulate caused a scandal. The notion of parallel straight lines extend- 
ing indefinitely introduces the concept of infinity. Moreover, according to Euclid’s 
wording, it looks more like a theorem than a universal truth. Therefore, for cen- 
turies many mathematicians were convinced that it was actually a property that 
could be proven and so they endeavoured to find the proof. This resulted in a large 
number of equivalent statements. The most important of these, particularly from 
the perspective of the new geometries, are given below. 

The Greek philosopher Proclus (410-485 Ap) was the most famous representa- 
tive of the Athenian School of mathematics. His is the postulate of equidistance, 
expressed as follows: 


“A parallel to a given straight line maintains a constant distance from it.” 


GEOMETRY IN ART 


Artists make use of points, straight lines and other objects in their works. Their interpretations 
is very helpful in answering questions: What is a point? What is a straight line? What do we 
really mean by ‘parallel’? Vassily Kandinsky (1866-1944) was a Russian painter, poet, playwright 
and educator. His academic studies combined law and economics which he then combined 
with drawing and painting. His experiences as a teacher gave rise to his second treatise Point 
and Line in the Plane (1925), in which Kandinsky defined a line as “a point dragged across 
a page”. 
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The great French mathematician Adrien-Marie Legendre (1752-1833) initially 
attempted a proof of the fifth postulate in his book Elements de Géométrie, which was 
a great publishing success. For over forty years he sought a proof of the fifth postulate 
that was mathematically rigorous but also comprehensible to his student readers. 
Although he came close, he died without seeing the development of non-Euclidean 
geometries. Nevertheless, he established the postulate of the angles of a triangle: 


“There is a triangle in which the sum of the angles is equal to two right 


angles.” 


At this point we should introduce Janos Bolyai, about whom we shall have more 
to say later. Bolyai’s father, who was also a mathematician, tried without success 
to prove the fifth postulate and so wanted to prevent his son wasting his time on 
the problem. However, Janos was destined to do much more than prove the fifth 
postulate. It all started with the three-point postulate: 


“Three points not in a straight line will always describe a circle.” 


We shall also be looking in greater detail at the so-called ‘Prince of Mathematics’, 
the German Johann Carl Friedrich Gauss, who started work on the fifth postulate 
in 1792 at the age of just 15 and by 1817 was convinced it was entirely independent 
of the other four, He established the postulate of the area of a triangle: 


“There are triangles the areas of which is arbitrarily large.” 


Different yet again was the work of Scottish mathematician and geologist John 
Playfair (1748-1819). His ‘postulate of the parallels’, far from challenging Euclid, 
has become the form in which the fifth postulate is taught in elementary schools 
and the one most often found in textbooks. Indeed, it is often taken as the actual 
definition of Euclid’s fifth postulate. Its secret lies in its simplicity — it is much easier 
to understand than Euclid’s original wording: 


“A single parallel line can pass through a point outside a straight line.” 


This can also be expressed as: Through a point not on a givenline, only one line 


can be drawn that never meets the given line (see V' on page 27). 
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THE BIG DOT THEOREM 


The big dot theorem is a rather unorthodox result that can be stated thus: 


“The number of parallels to a given straight line that can be drawn through a point outside 
the straight line depends on how big the dot is.” 


More than one straight line parallel to a given point passes through a big dot. This also 
leads to: “As many parallels (and perpendiculars) to a given straight line as you wish can be 
drawn from a big dot.” 

Of course this is in jest, a mathematical joke, but beyond the humour the theorem raises 
interesting questions. How do we know how many lines, in Euclid’s sense, there are in the 
thickness of a pencil lead? To check that these lines are indeed parallel, they would have to 
be drawn indefinitely, and there is not enough paper in the world to depict them in their 
entirety. Therefore Euclid’s fifth postulate cannot be proven experimentally. 


a 


Be that as it may, even a statement that is as clear and self-evident as Playfair’s 
did not convince the majority of geometers, who dismissed it. Why this obsession 
with challenging the immortal Euclid? 


Geometry of Renaissance paintings 


A particular obsession united Leonardo Da Vinci (1452-1519) and Albrecht Diirer 
(1471-1528), making them more than outstanding painters of the Renaissance and 
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DIMENSIONS 


In general, Euclid’s ideas are an abstraction of reality: A dimensionless point, a line without 
thickness or width but only length... All this alongside the concepts of size, with width and 
thickness defining each dimension. 

As a point has no size, it has no dimensions. As a line possesses only length, it is one- 
dimensional, A surface has no thickness and so is two-dimensional. Lastly, a solid body like a 
cube has three dimensions. In fact, in Euclidean geometry the only possible dimensions have 
integer values: 0, 1, 2 and 3. 


transforming them into great theoreticians who transcend the history of art. In his 
work on theory Institutiones Geometricae (the Latin translation of Die Untenveysung 
der Messung, The Art of Measuring), published in Germany in 1525, Diirer wrote: 


“The German painters are second to none in their use of colour but they show 
some deficiencies in proportion, perspective and the like. Without the right 
proportions no painting can be perfect, however carefully it has been executed. 
Therefore, anyone wishing to master the art of painting should learn proportion 
above all and understand how to draw objects in projection and perspective.” 


Leonardo and Diirer both looked for a way of representing a three- 
dimensional image in two dimensions. How can a painting being given a sense of 
depth? This question gave rise to the concepts of perspective, projection and section 
that govern a special geometry called projective geometry. 

Projective geometry is a mathematical model developed in Renaissance art. The 
surface of a picture was considered a glass window through which the artist could 
see the object to be depicted. Lines of sight leaving the object and converging on 
the eye pass through this window, and the points at which these lines intersect with 
the window form the object’s projection on this surface. This is shown in Diirer’s 
engraving Man Drawing a Lute in which the German artist demonstrates how the 
picture captures the projection in accordance with the method of the Institutiones 
(see overleaf). The person on the left, the artist’s assistant, is holding a sheet of glass 
on which a depiction of the object on the table can be seen in perspective. 
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This engraving appears in \nstitutiones Geometricae (7525) and is known by the title Man Drawing 
a Lute. In it Durer shows how to produce a painting in perspective by means of projection. 


To create this drawing, the pane is placed in the frame held up by the artist, 
on the right. As they pass from the object through the pane to the artist’s eye, the 
rays of light (straight lines) form an image of the object on the pane — this is the 
projection. For the artist, the relevant factors are perspective and flat projection. 

Notice that in projective geometry, parallel lines painted on canvases converge 
at a point called the vanishing point or infinity. The concept of a parallel line 
becomes the concept of lines meeting at a point situated at an infinite distance. 
However, this infinitely distant point is still within the viewer's field of view. 

A good example of the vanishing point is the place in two dimensions where 
the rails of a straight railway line meet when drawn on a flat surface. Another is 
an architect's drawing projected on a plane surface to create a more realistic view 
of the design. 


36 


EUCLIDEAN GEOMETRY 


A vanishing point seen in reality when looking at train tracks above; and in an artistic projection, 
below, in illustration from the Treatise on Perspective by the Flemish artist Vredeman de Vries, 
published in 1565, 
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Projective geometry may distort images by not necessarily retaining the lengths, 
angles or dimensions of normal Euclidean geometry. In essence, projective geometry 
is the geometry of artists. Thus, lines thought to be parallel were not as parallel to 
the Renaissance artists as they were to Euclid. Something was happening to the 
very concept of parallelism. 


Challenging Euclid 


Until the end of the 18th century, the role of mathematics was intended to justify 
the physical reality of the world in which we live. In the next century this notion 
changed with the appearance of non-Euclidean geometry. The 23-century reign of 
the Elements was over but, at the same time, what people had until then regarded 
as reality, at least in an abstract sense, began to founder too. 

Immanuel Kant maintained that space was a system of reference that existed in 
the human mind, and therefore the axioms and postulates of Euclidean geometry 
were concepts imprinted a priori on the mind as preordained knowledge. Without 
these axioms and postulates it was not possible to reason intelligibly about space. 
Nevertheless, he was the first to accept the possibility of a different kind of geom- 
etry. In his first work, published in 1746, he considers spaces with more than three 


dimensions and states: 


“If it is possible for other dimensions to exist, then it is very likely that God will 
have called them into existence, as His works have all the greatness and variety 
of which they are capable.” 


The geometries that Kant sensed are those known today as non-Euclidean 
geometries with more than 3 dimensions. 


In a formal sense, Euclidean geometry is that expressed in the first six books of 
the Elements, and non-Euclidean ones are those resulting from a rejection of the fifth 
postulate. In Playfair’s version of the postulate, this rejection offers two possibilities, to 
deny the uniqueness of the parallel line or to deny its existence; this can be expressed 


by the following alternative statements: 


1. More than one line parallel to a straight line / passes through a point P external 
to |. 
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IMMANUEL KANT (1724-1804) 


The celebrated German philosopher Immanuel 
Kant received a strict education that placed the 
teaching of Latin and religion above mathematics 
and science. It was only at university that he re- 
ally became acquainted with physics and maths; 
but, when his father died, he had to abandon his 
university studies and work as a private tutor to 
support himself. In 1755 a friend helped him to 
resume his education and he gained a doctorate. 
Kant eventually became a teacher, working in 
universities for fifteen years, giving lectures that 


ranged from history, mainly of the sciences and 


mathematics, to all branches of philosophy. 

Kant is regarded as one of the most brilliant thinkers of modern Europe. From the start, his 
thinking had an immense impact on intellectuals and still underpins much of modern phi- 
losophy, which makes constant reference to him. His ideas are reflected in many disciplines: 
philosophy, law, ethics, lagic ... Together with Plato, Aristotle and Descartes, Kant forms the 
backbone of western philosophical thought. He is the father of modern philosophy. 


eal 


2. No lines passing through a point P external to a straight line / are parallel to 1. 
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To fully interpret these results we first need to move beyond our mental percep- 
tions of what a parallel line is. A new geometry can be constructed that respects 
all of Euclid’s postulates but replaces the fifth with some of its alternatives, These 
geometries still produce coherent results, without being tarnished by internal con- 
tradictions. The first possibility was proposed by Nikolai Lobachevski (1792-1856) 
and Janos Bolyai (1802-1860) and gave rise to so-called hyperbolic geometry. The 
second possibility was presented by Bernhard Riemann (1826-1866) and originated 
what is now called elliptical geometry. 

The debate about non-Euclidean geometries has two stages. The attempts to 
prove Euclid’s fifth postulate and the construction of new geometries that replace 
the fifth postulate and also coexist with Euclidean geometry. These considerations 
presuppose a substantial change in the ordinary way of thinking about what reality 
is. For example, Euclid’s postulate can be examined at the level of the angles of a 
triangle and translated into the proposed alternative postulates. The three internal 
angles of any triangle add up to 180° — but only in Euclid’s world, where parallel 
lines continue to infinity and space is not curved. What if Euclid had been to infinity 
to see what happened there to parallel lines? And what if they met? Space would 
then be curved and the angles of a triangle would add up to more than 180°, as if 
the triangle had been drawn on the surface of an orange. Similarly, in hyperbolic 
geometry, where parallel lines move inexorably away from each other, the angles of 
a triangle add up to less than 180°. 

Euclidean geometry preserves the most basic words and concepts of all geometry, 
such as point, straight line and plane, but these concepts have to be redefined. In the 
new geometries, a straight line is any line that traces the shortest distance between 
two points, while a plane is a surface with the following properties: If two points on 


A REMINDER 


Until now no one has been able to prove that any of the following statements is false: 

1. Through a point outside a straight line there passes a single straight line parallel to it. 

2. Through a point outside a straight line there passes more than one straight line parallel to 
the one given. 

3, Through a point outside a straight line there passes no line parallel to the one given. 


All these postulates are possible and give rise to new geometries. 
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a straight line are contained within this surface, then all other points on the straight 
line will belong to the surface. 

These ideas are valid in both types of geometry, and establish a new way of think- 
ing about shapes. Non-Euclidean straight lines may appear to twist and turn, and in 
so-called spherical geometry, the sphere is considered a plane‘and its great circles are 
straight lines. The terminology is the same in both geometries because in both of 
them the straight line is the simplest line and the plane is also the simplest surface. 

How can we be sure that two straight lines are parallel? We would have to extend 
them to infinity and make sure that they never cross. The human mind has an innate, 
abstract concept of a straight line, with length but without width. It is possible to 
visualise two lines that never cross and are always the same distance apart. All of this 
exists in the mind but it cannot be proven experimentally. In the end Euclidean 
geometry is as just an abstract idea like all the others. 


SOME UNFORTUNATE WORDS g 


At the end of the 1950s, mathematicians from all over the world met at seminars and congress- 
es in Europe and America to discuss the need to introduce so-called ‘modern mathematics’ 
into secondary education. The best-known of these was the one held at Royaumont, France, 
in November 1959. There, the French mathematician Jean Dieudonné (1906-1992) ended his 
contribution to the debate with a reference to the Elements and shouted "Down with Euclid!” 
The expression took hold and spread throughout the mathematics community, becoming for- 
ever associated with the claims of modern mathematics. 

These words could not have been more unfortunate or wrong and, what is more, they were 
uttered by one of the most important mathematicians of the 20th century. There is no need to 
reiterate the importance of the Elements and its author: Without Euclid we would not be able 
to explain reality or posit other geometries. Fortunately, education professionals all over the 
world have since vindicated the figure of Euclid and continue to teach his geometry. 


Chapter 3 


Competing with Euclid 


For centuries, the fifth postulate has attracted copious commentaries and critiques 
in the works of the most famous geometers. Most of them were convinced that it 
could be proven with the help of the other postulates and they focused their efforts 
on achieving this proof before finally classifying it as a theorem. 

After several centuries of theories and mathematical development, nobody could 
show that it was false but no one could show that the geometries that rejected it 
were wrong either. 


The last Greek master 


The list of mathematicians who have tried to prove Euclid’s fifth postulate contains 
some of the most prestigious names in the history of mathematics. Their efforts 
have opened the door to new geometries, and we should not forget their pioneer- 
ing work in this field. 

Nevertheless, despite the best attempts by the finest minds, all efforts were in 
vain. Everyone who attempted it got results derived from the fifth postulate but 
never found the clear proof they were seeking. One of the first attempts was made 
by Proclus to the 5th century ap. 


Proclus left a number of his thoughts in writing, such as the following: 


“Tt should be completely erased from the postulates because it is a theorem 
replete with difficulties, which Ptolemy attempted to solve in a book, and 
his proof requires various definitions and theorems. Moreover, the converse 
proposition was effectively proven with a theorem by Euclid himself. The 
statement that ‘as when straight lines are extended further and further they 
sometime cross’ appears plausible but unnecessary. Therefore, it is clear that 
we must find a proof for this theorem, which lacks the special nature of the 


postulates.” 
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PROCLUS OF ALEXANDRIA (410-485 av) 


The Greek mathematician Proclus was born in Constantinople and died in Athens. He was the 


last pagan scientist of any significance. He was expelled from Athens due to his paganism, his 
exile lasting for a year. He was an outstanding commentator on Ptolemy and Euclid and hence 
is a very important figure in early Greek geometry. 


i line m In fact, the Greek math- 
On en) weindiciam wthedtahhaw 
that only a single parallel line 
m passes through a point P 

outside a straight line /. 
Proclus assumed that 
line I at least one line parallel to 
I passed through P and he 
labelled it m. From this he 
wished to prove that any other straight line through P other than m, intersects with 
I, and so he argued that if there is a parallel line through P then it must be unique. 
So he considered a straight line n, distinct from m, through P and called the bottom 

of the perpendicular to line / the point Q. 


line m 
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He then reasoned that if » is the straight line determined by P and Q, then n 
cuts | at Q. However, what if n is not the line determined by P and Q? In that case, 
a point Y on n can be considered, and the bottom of the perpendicular to the line 
m from Y can be called the point Z. 


or line m 


\ YZ is displaced to the right, 
increasing in length 


line n 
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In the above diagram we see that PY is bounded by the straight line m and yz, 
and so the point Y can then slide to the right, also dragging YZ to the end of n. 

Iris then noted that the size of YZ increases as it moves (it can become infinitely 
large).As the distance between m and ris constant, we deduce that n will necessarily 
cut rat some point. This is how Proclus thought he had proved the fifth postulate. 

Notice that the reasoning of the Greek master presupposes that the distance 
between m and / is constant. Thus, the only argument that can be used is that m 
and / do not cross. 

Furthermore, the value of a magnitude may grow indefinitely without exceed- 
ing a predetermined value. When all is said and done, what Proclus established is 
that proving the fifth postulate is equivalent to proving that a line parallel to a given 
straight line remains a constant distance from it, which is the same as Playfair’s 
postulate of parallels. 
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The Medieval guardians of Greek learning 


Arab mathematicians were also concerned with proving the fifth postulate. Ibn al 
Haytham (965-1039), known in the West as Alhazen, was the first to pay it atten- 
tion. Working from the premise that if a quadrilateral has three right angles then 
the fourth must be one too, he stated that through a point outside a straight line 
there passes only one parallel line. His statement is based on the fact that the geo- 
metric position of points at equal distance from a straight line also forms a straight 
line. Notice that his argument too is based on the notion of equidistance, although 
not explicitly so. The starting point (if a quadrilateral has three right angles then 
the fourth must be one too) is the selfsame fifth Euclidean postulate — he is using 
the fifth postulate to prove the fifth postulate! 

The Persian Omar Khayyam (1050-1123) was famous in both the Arab world 
and the West for his important work on astronomy, algebra and, in particular, for his 
contributions to geometry. His best remembered work The Truth about Parallels and 
Discussion of the Famous Uncertainty contains reasoned arguments involving quad- 
rilaterals that would have to wait 600 years before being developed by the Italian 
philosopher and mathematician Saccheri. 

In his constructions, the Persian used quadrilaterals with points A, B, C and 
D, such that sides AB and CD are congruent (that is, one of them can be super- 
imposed exactly on the other), and the angles of the corners A and D are right 
angles. Omar Khayyam proved that the corners B and C are also congruent but he 
did not show that they have to be right angles. A quadrilateral of this type has the 
following strange shape: 


B Cc 


A D 


The modern period 


The developments during the Renaissance are marked by Christopher Clavius 
(1538-1612), who produced a commentary on the Elements in 1584. In his work 
the author added propositions of his own, increasing them to a total of 1,234. 
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Between 1603 and 1607 he produced the first edition of the Elements to reach 
China. It was also the text that was later used by Saccheri and Descartes as a basis for their 
research. 

Because of his additions to the Elements, Clavius was dubbed the ‘Euclid of the 
16th century’. His work seemed very radical and he left a considerable legacy in 
other ways. As the main proponent of the Gregorian calendar, it was thanks to him 
that Thursday 4 October, 1582, according to the Julian calendar, was followed by 
Friday 15 October, 1582, in the Gregorian system. Clavius’s calculations enabled 
the switching from one calendar to another, and removed 10 days from history in 
the process! 

Clavius included a proof of the fifth postulate that again used the postulate to 
prove itself: A line that is equidistant from another straight line is a straight line. 
Despite his other successes, Clavius was not exactly successful in his attempt to 
correct and supplement the great master. 

University of Oxford teacher John Wallis (1616-1703), one the pioneers of mod- 
ern mathematics, adduced a new interpretation of the fifth postulate, abandoning 
the idea of equidistance and reasoning with triangles. He showed that: 


“Given any triangle, another can also be drawn with the same angles and pro- 
portional sides.” However, this is also equivalent to the original postulate: 


All arguments foundered in one way or another on results obtained from or 
equivalent to the fifth postulate, because they used the same erroneous approach: 
They used what they wished to prove in the proof itself. 
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Saccheri’s quadrilateral 


The situation remained in this impasse until Girolamo Saccheri appeared on the 
scene. The Italian proposed a proof based on a reductio ad absurdum technique that 
involves positing the opposite to what one wishes to prove and so arrives logically 
at a contradiction. Initially Saccheri thought that he had proved the postulate in 
this way, only later realising that he had not reached a convincing contradiction. 

His work timidly suggests the existence of other geometries that arise precisely 
from the impossibility of reaching a contradiction that rejects the content of the 
fifth postulate. Without knowing it, he was proposing new geometries in which the 
fifth postulate was replaced by its rejection. 

Saccheri started with Omar Khayyam’s idea and considered the same quadrilat- 
erals, that is, ABCD where AB is congruent with DC and the angles A and D are 
90°. This kind of shape is now known as the ‘Saccheri quadrilateral’. 

To prove the fifth postulate, Saccheri showed that angles B and C are right 
angles, According to the fifth postulate, angle C is equal to angle B. This situation 
entails three possibilities. 


The right-angle hypothesis: angles B and C are right angles. 


B (a 


GIROLAMO SACCHERI (1667-1733) 


Saccheri entered the Jesuit order as a young man and taught theology at the Jesuit College 
in Milan. He would later teach philosophy in Turin. But his interests did not stop there. As a 
teacher of mathematics at Pavia University, he extended his research to Euclid's fifth postulate 
and presented it in his work Euclides ab Omni Naevo Vindicatus. 
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The obtuse-angle hypothesis: angles B and C are obtuse; that is, they lie between 
90° and 180°. 


B Cc 
A D 
The acute-angle hypothesis: angles B and C are acute; that is, they lie between 
0° and 90°. 
B Cc 
A D 


Saccheri showed that the postulate of parallels is equivalent to the right- 
angle hypothesis and then tried to prove that the other hypotheses lead to a 
non-sequitur. If he had succeeded, he would have proved the postulate. When 
he looked at the second case (the obtuse-angle hypothesis) he reached a con- 
tradiction and discarded this possibility, He had noticed before that the sum of 
the four angles had to be less than or equal to 360°. He then moved on to the 
acute-angle hypothesis and could not reach any contradiction either. We can 
now say for certain that the contradiction does not exist, and the acute-angle hy- 
pothesis has become immortalised as one of the foundations of non-Euclidean 
geometry. A century later, Lambert, of whom more later, unsuccessfully considered 


the hypothesis whereby A, B and D are right angles as an attempt at a proof. 
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On the basis of the acute-angle hypothesis, Saccheri proved various results of 
non-Euclidean geometry. For example, he pointed out that the right-angle, obtuse- 
angle and acute-angle hypotheses are equivalent to supposing that the sum of the 
internal angles of a triangle is equal to, greater than or less than two right angles 
respectively. He also proved some unusual results in Euclidean geometry, such as 
the following: 

Point P is outside a straight line |. If we consider all the straight lines that pass 
through P, we find that there are two limiting straight lines (in mathematical ter- 
minology r is called ‘asymptotic’) represented by m and n. They divide the bundle 
of lines into two parts, each one bounded by m and n; hence, in one region we find 
all the straight lines that cut / and in the other all those that do not cut I. 


line m 


The geometry that results from considering the acute-angle hypothesis as in- 
compatible with the fifth postulate is now known as hyperbolic. 

The following illustration shows that hyperbolic geometry reproduces the 
previous graph but represents lines m and n as curved, not because they really 
are but to depict them in a way that is not confused with Euclidean geometry. 
In this new graphic representation, we can check what the fact that m and n are 
asymptotic actually means. 

Interpreting curved lines is very useful for understanding and studying hyper- 
bolic geometry, however counter-intuitive it may be in the Euclidean system. 


50 


COMPETING WITH EUCLID 


line 1 line m 


line | 


Saccheri’s work contains the first results of this new geometry. The Italian 
achieved astonishing results but he lacked courage. In view of the strangeness of his 
work, he himself remarked in proposition XXXIII of his magnum opus “the acute- 
angle hypothesis is absolutely false because it violates the nature of the straight 
line”. It seemed that the problem of parallels would remain unsolved for many 


more years. 


Towards non-Euclidean geometries 


In the 18th century, during the so-called Enlightenment, a work of the Swiss 
mathematician Johann Heinrich Lambert (1728-1777) entitled The Theory of Paral- 
lels was published posthumously. In it he expressed his doubt that the fifth postu- 
late could be deduced from the others and thought perhaps that some additional 
hypothesis might be needed. 


LAMBERT’S QUADRILATERAL 


Lambert listed a number of statements that had c 
to be proven and also involved the fifth postulate. B 

In the last part of his book he considered different 

quadrilaterals with three right angles (A, 8 and D). 

Again there were three possible hypotheses involv- 

ing the fourth angle. in Lambert's quadrilateral, the 

angles A, B and D are right angles, sides AB and DC 

are perpendicular to AD and are the same length, 

and angle Cis.not 90°. A D 


COMPETING WITH EUCLID 


The work of Saccheri and Lambert did not achieve irrefutable proof of the 
impossibility of proving the postulate of parallels. The repeated attempts at a proof 
were like loops, always leading back to the starting point and generating convo- 
luted notions on the way. As we have already said, the problem was that all attempts 
covertly used the result they were trying to prove. 

The mathematics community was convinced that the postulate of parallels was 
a real postulate and not a theorem and so did not require a proof. On the other 
hand, although all attempts at a proof had failed, its falsity had not been proven 
either, The importance of proving Euclid’s fifth postulate was leading the history of 
mathematics towards the concept of non-Euclidean geometries. 
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Chapter 4 


The Establishment of 
Non-Euclidean Geometry 


The earliest of the non-Euclidean geometries was hyperbolic geometry that arises 


from replacing Euclid’s fifth postulate with the following: 


“Through a point P outside a given straight line there passes more than one 


straight line parallel to the one given.” 


With this statement, Lobachevski and Bolyai solved the puzzle of the parallels 
and so are considered the mathematicians who founded this, the first non-Euclidean 
geometry. Both are accredited with establishing hyperbolic geometry, although they 
did not know each other or of each other’s work, which was done independently 
— in parallel, so to speak. 

There were several reasons for each man to be unaware of the other. Lobachevski 
wrote only in Russian and his work did not become widely known until years 
after his death. However, it is his name that is most associated with hyperbolic 
geometry today over that of Bolyai, his opposite number 


in Hungary. 


Nikolai Lobachevski: The Russian soul 
of hyperbolic geometry 


On 23 February, 1826, a former teacher, Nikolai 
Lobachevski, impressed the scientific commu- 
nity with his theory of parallels at a conference 
held at Kazan University’s faculty of physics and 
mathematics. The first results of his proposals were 
published in 1829 in a Kazan University journal. In 
1835 he published the complete work under the title 
New Elements of Geometry, in which he states: Nikolai Lobachevski. 
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“Tt is well known that, in geometry, the theory of parallels has hitherto re- 
mained incomplete. The useless efforts made since the time of Euclid have 
led me to suspect that the concepts do not contain the truth we wished to 
prove but that, like other physical laws, they can only be verified through 
experiments, like astronomical observations. Finally convinced of the truth 
of my conjecture and considering that this difficult problem is solved at last, 
I disclosed my arguments in 1826.” 


The history of hyperbolic geometry is a history of pioneers, full of injustices and 
plaudits that arrived too late or never arrived at all. It is also a history repeated down 
the centuries in the scientific world: Two great minds before their time working in 
isolation reaching the same conclusions at the same time. 

Lobachevski was from a poor family of government officials and lived until the 
end of his days in the Russian city of Kazan, near Siberia, with an austere way of 
life dedicated completely to mathematics. Young Nikolai was able to study thanks 
to a series of grants and turned out to be an excellent investment of tsarist Russia. 

In 1811 he obtained a teaching post at Kazan University and, three years later, 
was awarded the professorship in Physics and Mathematics. He was also in charge 
of the library and the astronomical observatory. 

Lobachevski was appointed chancellor of Kazan University in 1827. He held this 
post for 19 years, a fruitful period for the university in which he made fundamental 
reforms and gave precedence to scientific research. Paradoxically, the brilliance of his 
work on the fifth postulate of the Elements led to his downfall. According to a dark 
legend in the history of mathematics, in 1846 his mathematician colleague, Mikhail 
Ostrogradski, had him dismissed. Ostrogradski could not accept Lobachevski’s chal- 
lenge of Euclid. 

The mathematician’s health then began to deteriorate fast and eventually he lost 
his sight. Lobachevski had to dictate many of his works, including the influential 
Pangeometry (1855).When he died in his home town on February 24, 1856, he had 
no idea of just how important his work would be for the future development of 
mathematics. His academic legacy includes On the Foundations of Geometry (1829), 
Imaginary Geometry (1835), Application of Imaginary Geometry to Certain Integrals (1836) 
and New Foundations of Geometry with a Complete Theory of Parallels (1834-1838). 

In 1840 Lobachevski published a book barely 61 pages long entitled Geo- 
metric Investigations on the Theory of Parallel Lines. This short work circulated widely in 
the scientific community of the time but, despite that, the world of mathematics was 
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not ready to accept the ideas it contained, In his Geometric Investigations Lobachevski 
explains with great clarity how non-Euclidean geometry operates: 


“In a plane all straight lines leaving a point may, with respect to a given 
straight line in that plane, be divided into two classes: those which intersect 
and those which do not. The lines delimiting each class of straight lines are 
to be called parallels to the given line.” 


His alternative version of Euclid’s fifth postulate is expressed in the famous 
sentence we have already mentioned: 


“There are two lines parallel to another given line that pass through a given 
point that is not on the given line.” 


From these premises Lobachevski would go on to develop many trigonometric 
identities, the so-called formulae of hyperbolic trigonometry. 


Janos Bolyai: mathematician and cavalryman 


For the Hungarian Janos Bolyai (1802-1860) mathematics was only a hobby, as 
he was cavalry officer by profession. His intellectual abilities may have made his 
professional life seem rather dull. In addition to cultivating mathematics, Janos was 
an expert violinist, who performed in Vienna and he was also an accomplished 
linguist, speaking nine languages including Chinese and Tibetan. 

His brilliance was inherited from his family: His father was the mathematician 
Farkas Bolyai, who taught him infinitesimal calculus and analytical mechanics when 
he was just thirteen years old. 

Young Janos entered the military world when he began studying at the Royal 
Engineering University in Vienna, after which he decided to join the army’s Engi- 
neer Corps, where he remained for eleven years. Although it may seem like a plot 
from a nineteenth-century romantic novel, he was reputedly the best swordsman 
and dancer in the Imperial Austrian Army. In 1833 he caught a fever and had to 
retire from military life. 

Although Janos Bolyai published only one work on mathematics in his lifetime, 
more than 20,000 handwritten pages were discovered after his death and these are 
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DELAYED RECOGNITION 


It was only in 1945 that in recognition of Bolyai’s 
work the mathematics community renamed Ro- 
mania’s Babes University as the Babes-Bolyai Uni- 
versity, as it is now known today. The bicentenary 
of the mathematician’s birth was celebrated in 
2002. There were several activities in Budapest, 
the most notable of which was an international 
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conference on hyperbolic geometry. Other com- 
memorative events included an issue of postage 
stamps dedicated to the mathematician (the one 
shown here commemorates the centenary of his 
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death) and of a 3,000 forint coin engraved with 
hyperbolic diagrams taken from Appendix. 
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now kept at the Bolyai-Teleki Library in the town of Tirgu-Mure. For Janos the 
problem of parallels became an obsession. He published his results in an appendix 
to one of his father’s books Tentamen Juventutem Studiosam in Elementa Matheseos 
Purae Introducenti (An Attempt to Introduce Studious Youth to the Elements of 
Pure Mathematics), now known simply as the Appendix. Like Lobachevski, Bolyai 
needed only a few pages (twenty four to be precise) in which to present his ideas 
on geometry. After reading them Gauss sent a letter to Farkas Bolyai, saying: “I see 


a genius of the first order in this young geometer Bolyai.” 
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Gauss’s contribution 


Carl Friedrich Gauss (1777- 
1855), an important figure not 
only in his own time but also 
today, features largely in Bolyai’s 
work. We have seen how Kant 
had a vague inkling of the possi- 
ble existence of other geometries, 
but Gauss was probably the first 
person to perceive the reality of a 
geometry other than Euclid’s, and 
he set down his thoughts on pa- 


per. One of his notebooks states: 


Carl Friedrich Gauss painted by the artist 
Christian Albrecht Jensen 


“Tam convinced that abandoning the postulate of parallels does not lead to a 
contradiction, although it is true that paradoxical properties are obtained.” 


For nearly forty years Gauss studied the postulate of parallels without showing 
his results to anyone and keeping them a closely guarded secret. The most important 
documents hinting at his research is the correspondence he maintained with the 
Bolyai family together with comments gleaned from his personal notes. 

The friendship between Gauss and the Bolyais is hardly surprising. The German 
was another nurtured intellectual, a prodigius child, His career as mathematician, 
astronomer and physicist — all fields in which he excelled — started very early. At 
the age of seven he started school but soon amazed his teachers with his ability to 
perform complex calculations. 

While he was still at the Collegium Carolinum in Braunschweig, Gauss inde- 
pendently discovered an astronomical law, known as Bode’s law, and several algebraic 
theorems, such as the binomial theorem. In 1795 he entered Géttingen University 


to study mathematics and obtained his doctorate at the age of 22. 
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GAUSS THE PRECOCIOUS GENIUS 


The legend of Gauss's talent contains all the elements of the archetypal genius. He made 
discoveries as a child that even adults struggled to understand. Aged just ten he discovered 
the formula for summing arithmetical sequences by quickly adding up the first 100 natural 
numbers. How did he do it? He used a mental trick which is really astonishing for a child of 
that age. He realised that the sum of the first term with the last, the second with the penul- 
timate, etc., is constant: 


1,2, 3, 4s 97, 98, 99, 100 
14100=2+99=3+98=4+97=..=101 


The 100 numbers form 50 pairs, so that solution is given by the product 101 x 50 = 5,050. 
Gauss had deduced a formula expressing the total, S,, of n terms of an arithmetical sequence 
of which the first (@,) and last (@,) terrns are known: 


5 _ a t9, )n 
Nh 5647 


His talent was put to use in many areas of mathematics — statistics, number 


theory, geometry... He was also a supervisor of Riemann’s doctoral thesis, as we shall 
see later. At the age of just thirty, in 1807, he took over management of Gottingen 
Observatory where he spent six years studying magnetism. His contributions to 
physics are also famous. When he retired from academic life in 1849 he was known 
as the ‘Prince of mathematics’. 


Correspondence between Gauss and Bolyai 


Gauss was a close friend of Farkas Bolyai, Janos’s father, and they both correspond- 
ed about the fifth postulate. Gauss himself worked on the matter very cautiously, 
as is indicated by the fact that he never published his results. Farkas had also tried 
to prove the fifth postulate without success. Based on his own experience and dis- 
cussions with Gauss on the theory of parallels, Farkas advised his son not to waste 
“a single hour on this problem”. Janos did precisely that: he did not work on the 
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problem for one hour but for two years! In 1832 Farkas Bolyai wrote to his friend 
Gauss expressing his concern about his son’ obsession. At the same time he asked 
for his views and advice on how to convince Janos to stop. Gauss replied that he 
too had arrived at similar results but that he had thus far kept them secret. He 
could not praise Janos’s work or get him to stop, as he makes clear in the following 


lines: 


“If I start by saying that I cannot admire this work, you will no doubt be 
initially surprised. But I must put it like that. Admiring it would be the same 
as admiring myself. Indeed, the entire content of your son’s work and the 
results to which he is led are almost identical to my meditations, which have 
occupied me for the last 30 to 35 years. | am really quite astonished...” 


Farkas wrote the following lines to his son when the latter had become completely 
absorbed in and ensnared by Euclid’s fifth postulate: 


“I ask you not to struggle with the theory of parallel lines as well. You would 
be wasting your time, and the theorems would remain unproven. This is an 
impenetrable darkness in which a thousand men of Newton's stature would 
be lost. The issue will never be clarified on Earth and unhappy humanity 
will never complete anything in this life, least of all geometry. It is a great 
and everlasting wound to my soul... For the love of God, I beg you, give it 
up. Fear it as you would your sensual passions, as it is the same as them, it will 
take up all your time and deprive you of your health, your peace of mind 
and your happiness in life...”. 


Despite the tragic tone that the issue had assumed, Janos never heeded his father’s 
warnings and quickly became convinced that, in addition to being unprovable, the 
fifth postulate was independent of the all the others. This conviction would be the 
foundation of a different but entirely coherent geometric system. 
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The joint achievements of Lobachevski and Bolyai 


Lobachevski and Bolyai laid the foundations of non-Euclidean geometry and trigo- 
nometry. They determined that the sum of the angles of a triangle is less than 180° 
and also concluded that not all triangles have the same total sum of angles.The larger 
the area of a triangle, the smaller the sum of its angles. Therefore, there are no similar 
triangles (i.e. triangles of the same shape but different sizes). In this geometry, if two 
triangles have congruent angles (the same size), then the triangles are also congruent 
— that is, they can be superimposed on each other. Nor are there rectangles in the 
Euclidean sense because if three angles of a quadrilateral are right angles (90°) then 
the fourth angle must be smaller. This is because when a rectangle is divided in two, 
the sum of the angles of each triangle formed must be less than 180°. 

Despite the similarities in the results of the founders of hyperbolic geometry, 
there are differences in their contributions. Janos Bolyai was particularly interested in 
distinguishing geometric propositions requiring Euclid’s postulate from those that do 
not depend on it. On the other hand, Nikolai Lobachevski was more categorical and 
refused to countenance the fifth postulate and proposed one in its place: Through 


a point outside a straight line there passes more than one parallel line. 


WHAT DOES A NON-EUCLIDEAN TRIANGLE LOOK LIKE? 


B 


The diagram on the right gives an 
impression of how a non-Euclidean 
triangle ABC, constructed from a rectan- 
gle, would look in hyperbolic geometry. 
In it we see that the sum of the angles 
A, B and Cis indeed less than 180°. 
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Common models of hyperbolic geometry 


A model for Euclidean geometry takes place on a straightforward plane with the 
usual concepts of a point and a straight line. The models described below will help 
us better to visualise and understand hyperbolic geometry — and also elliptical 
geometry, which we will look at later. 

The first model involves a surface that permits an interpretation of hyperbolic 
geometry. To build up a mental image of this surface, we could imagine a person 
pushing a shopping trolley or a child towing a toy tied to a string, with a hand at 
one end and the object at the other. 


When this child walks in a straight line while pulling a small trolley bag behind him, the trolley’s 
motion follows a curved line moving towards him. This is called a tractrix. 


Imagine that the person pulls the load so that both are moving at the same 
speed. While the person advances in a straight line, the towed article tends to move 
toward him, tracing out a curved path so that it gradually gets closer to him. In some 
academic circles, this path is known affectionately as a dog curve. The mathematical 
expression describing it is somewhat more technical — in the mathematical jargon 


it is said that the curve moves asymptotically towards the straight line. 
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The curve in question is also known as a tractrix. Generally speaking, this is a 
curve described by an object that is dragged by another at a constant distance from 
it and moving in a straight line. It can be visualised in the following graph: 


BN 


in which A moves in a straight line (in the direction of the arrow) dragging P. The 
curve traced by P is the tractrix. 

If we imagine how this curve moves as the straight line PA moves in the direc- 
tion of travel, we can see that it is rotating about itself, creating a surface called a 
pseudosphere. This surface is the model of hyperbolic geometry. In other words, the 
shapes drawn on a pseudosphere (for example, parallels and triangles) will behave 
in a non-Euclidean fashion without incurring any contradictions. 


= 


The axioms of Lobachevski’s geometry arise from a study of how points and 


straight lines behave on this surface. 
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Lobachevski proposed an alternative to the fifth postulate: Given a straight 


line / and a point P not on /, an infinite number of straight lines can be drawn 
through P parallel to /. On this surface, parallel lines are not always equidistant 
~ the crucial difference with Euclidean geometry — and the sum of angles A, B 
and C is less than 180°. 

Straight lines on this surface are the shortest lines between the points on it. 
Such lines are called geodesics. Notice that, from a Euclidean perspective, which 
is very hard for the untrained mind to dispense with, these straight lines appear 
to be curved. The diagram below shows some parallel lines from the perspective 
of hyperbolic geometry. They are drawn on the surface of the pseudosphere. 


J 
JUIN 
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REALITY SURPASSES ABSTRACTION 


It is easy to find models of hyperbolic surfaces in the real world. We need look no further than 
a horse's saddle to demonstrate the properties of a hyperbolic surface. The angles of any tri- 
angle drawn on it total less than 180°, and parallel lines do not remain at a fixed distance but 


gradually curve away from each other. 


The behaviour of this kind of surface can be observed in any home. A small 
experiment can be performed in an ordinary bedroom to show what motion would 
be like in a hyperbolic world. To do this, we need a bed with a level surface, like 
the Euclidean plane.A movable object is then placed on the bedclothes (see picture 
below). Next to it we put a heavy article, so that the plane of the bed is indented. 
We then see how the surface ceases to be flat and becomes curved. The moving 
object will gradually slide towards the heavy one in response to the curvature. The 
bedclothes around the heavy object resemble a hyperbolic surface. 
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Fe Sas 


ANOTHER GEOMETRY, ANOTHER WORLD 


The bell of a trumpet makes a good model 

of a surface in hyperbolic geometry. Would 

it be possible to move along a straight path 

on this surface? 

imagine that two non-Euclidean inhabitants 

of the trumpet follow paths down towards 

its bell. An external observer would see that 

the paths of the denizens of the trumpet 

gradually become separated. However, the 

inhabitants of the hyperbolic world would continue to move along strictly parallel paths. Al- 
though imagining the motion of hyperbolic inhabitants may seern frivolous to academics, it is a 
fascinating idea for science fiction. Novels have been written about hyperbolic worlds, includ- 
ing Inverted World by Christopher Priest. 


This hyperbolic model was proposed by Albert Einstein in his definition of 
spacetime. Einstein’s universe is four-dimensional, since it includes the three spatial 
coordinates and a fourth, time (this will all be discussed in greater detail later). As a 
4D universe defies human imagination, no one can properly extrapolate the model 
of an object on a bed (which is only three-dimensional), with the indentation rep- 
resenting the fourth dimension. However, we can imagine what would happen. As 
in so many other areas of mathematics, humans have to rely on their mind’s eye. 

In 1870, the German mathematician Felix Klein (1849-1925) introduced another 
model of hyperbolic plane geometry and then extended it to tackle spaces. In his 
model Klein considered the Euclidean circle (an ordinary circle) and suggested a 
new definition for a point, straight line, parallel line, etc. He called the inside of the 
circle a plane; he defined points as the points within the circle, excluding those on 
the circumference, and he said that straight lines were the chords inside the circle, 
— but without including their ends. (Remember that a chord is a line segment with 
both ends on a circumference). Similarly, his proposal referred to parallel straight 
lines as chords of the circle with one common end, lines that intersect with others 
inside the circle were secants, while non-secants were those that intersected outside 


the circle, 
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In this model, if we suppose that the plane is represented only by the points 
within the circle, with the chords being straight lines, we would see that the straight 
lines r,s and tare parallel to /, as they do not cut it at any point. Therefore, an infinite 
number of parallel lines can be drawn through a point outside a straight line. 


vam 


Klein showed that the geometry based on the circle in this way is equivalent to 
hyperbolic geometry, satisfying all of Euclid’s axioms apart from the fifth postulate 
and maintaining the results of hyperbolic geometry. 
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CIRCLE LIMIT IV 


This drawing by Maurits Cornelis Escher (1898-1972) has 
the alternative name of Heaven and Hell. In it, angels 


and demons form a mosaic pattern in which the 
spaces between figures of one kind create the 
shapes of the other. There is something else re- 
markable about it: The figures get smaller and 
smaller as you approach the edge of the circle 
and seem to go on infinitely. Escher created this 
drawing to represent a surface that is impossible 
in two dimensions. The properties of this flat space 
introduce us to a non-Euclidean hyperbolic geometry. 


Riemann and elliptical geometry 


Not long after Lobachevski and Bolyai constructed their new geometry, another 
non-Euclidean geometry emerged. This was the work of the famous mathematician 
Bernhard Riemann, who replaced Euclid’s fifth postulate with another axiom: 


“Given a straight line / and a point P not on it, there are no straight lines that 
pass through P that are parallel to /.” 


Bernhard Riemann (1826-1866) was born in Hanover and was yet another math- 
ematically precocious child. As a 16 year-old pupil at the Gymnasium Johanneum 
in Liineburg he already displayed great skill in mathematics, and the headteacher 
lent the boy books on mathematics from his own library. In 1846, Riemann entered 
G6ttingen University where he started studying theology in accordance with his 
father’s wishes. However, he eventually switched to the philosophy faculty, which was 
the department that taught mathematics. His professors included such luminaries as 
Moritz, Stern and Gauss himself. Riemann transferred to Berlin University in 1847 
and was taught there by Steiner, Jacobi, Dirichlet and Eisenstein. He then returned 
to Géttingen and completed his doctorate in philosophy under the supervision of 
Gauss. Riemann taught his first class at the university in 1857 and gave lectures 
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on reformulating the concept of geometry, 
although the lectures were not published until 
two years after his death. Riemann, a distin- 
guished member of the Academy of Sciences 
in Berlin, eventually left Germany in search 
of a climate more suitable for treatment of his 
tuberculosis. He ended his days in Italy. 

It is reported that when Riemann was one 
of Gauss’s pupils at Gottingen University, the 
master professor once had to choose a student 
to represent the class. He devised the follow- 


ing selection method: “Each of you will sug- 
Bernhard Riemann. gest three topics. The faculty will choose one 


RIEMANN’S SPHERICAL WORLD 


You can perform an interesting exercise to help you better understand Riemann’s geometry 
with a balloon. Draw a section of a straight line on a flat deflated balloon and measure its 
length. Next to it draw a triangle. When the balloon is inflated, the drawings on the surface 
are transformed, How do the straight line and triangle look now? Has the straight line curved? 


Is the sum of the angles within the triangle still 180°? 


On the inflated balloon the line becomes a curve called a geodesic, that is, a great circle of 
the sphere. Riemann was not able to carry out this simple but illuminating exercise. In his day 
inflatable balloons had not been invented. 
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of them and the successful student will then present a lecture on it for three hours.” 
Riemann chose to comment on Lobachevski’s book New Elements of Geometry and 
in his proposal he made a now-famous statement: 


“Euclid says that through a point not on a straight line only one parallel line 
can be drawn; Lobachevski says that you can draw as many as you like, and 
I say that you can’t draw any.” 


Later in the same piece Riemann adds: 


“Hence an infinite straight line does not exist because it would eventually 
become a curve, and neither is there a perfectly flat plane because, once 
extended, it would have to follow the curvature of the universe. But as the 
plane will follow it in all directions, the only curved plane is spherical. The 
only geometry that really exists is the one on a sphere.” 


This ad hoc presentation contained the essence of Riemann’ later geometry, one 
that was different from Euclid’s and also from Lobachevski’s. In Riemann’s geom- 
etry there are no straight lines, and the sum of the angles of a triangle is more than 
180°. The surface of a sphere is the best model for Riemann’s geometry. The plane 
in which he constructed it was the surface of the sphere as a special case of the 
ellipsoid, an elongated sphere. In this model, as in the case of hyperbolic geometry, 
straight lines are called geodesics and are great circles — circles that divide the sphere 
into two equal hemispheres. 
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All geodesics intersect and the triangle ABC contains two right angles, so that 
the sum of its angles is greater than 180°. In this geometry, the greater the area 
of a triangle is, the greater the sum of its angles, and only those triangles that are 
congruent (superimposable) are also similar. Therefore, the surface of the sphere is 
an example of elliptical geometry. As can be seen on the previous page, the angles 
of a triangle drawn on such a surface add up to to more than 180°. 

Riemann not only constructed elliptical geometry but he also used algebraic 
expressions (differential equations) to minimise distances. On the other hand, he 
successfully analysed the curvature of any three-dimensional space and also implied 
that his theories could be applied to higher-dimensional spaces. His results would 
later be used by Albert Einstein in his theory of relativity. 


The same but different 


The people who first classified geometries into the three types were Felix Klein 
and the founder of the modern British school of pure mathematics, Arthur Cay- 
ley (1821-1895). As well as naming hyperbolic and elliptical geometries, they 
described Euclidean geometry as being parabolic. The reasons for this will be 
addressed next. 

Non-Euclidean geometries did not turn out to challenge to their illustrious 
predecessor. The list of the differences is long but then so is the list of similarities 
between all three. In Euclidean geometry two straight lines intersect at a point, and 
the same happens in Lobachevski’s. According to Riemann, two straight lines (great 
circles) always intersect at a point and its opposite, or antipode. 
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According to Euclid, given a straight line | and a point P not on the line, there 
is a single line parallel to / that passes through P. Lobachevski says there are at least 
two. According to Riemann there are none. 

Euclid also says that parallel straight lines are equidistant, whereas Lobachevski 
says they are not. As for the sum of the angles in a triangle, for Euclid this is always 
180°, for Lobachevski it less than 180° and for Riemann it is greater than 180°. 


Euclidean geometry 
A+B+C=180° 
Hyperbolic geometry Ellipitical geometry 


A+B+C < 180° A+B+C > 180° 


If we consider a point on a straight line, for Euclid and Lobachevski the line is 
divided into two parts, whereas this is not so for Riemann. According to Euclid, 
two triangles with identical angles are similar, whereas Lobachevski and Riemann 
say they are only congruent. 

The following table summarises the differences: 


[er | ine | 


Infinite 


Finite 
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Euclidean geometry can be constructed on the surface of a plane, hyperbolic 
geometry on the surface of a pseudosphere and elliptical geometry on the surface 
of a sphere. These models express how the postulate of parallels is interpreted in 
each system.The following diagrams indicate the postulate on which each is based 
and the type of surface on which it is projected. Notice also how rectangles appear 
in each geometry. 


Plane geome: Hyperbolic geometry Elliptical geomet: 
geometry i ge P' xy 


: (ea) 
A B ee A B 
2D=90° 2D:< 90° ie zD>90° 


In a Euclidean ‘rectangle’ the angles are all 90°, whereas in hyperbolic geometry they are less than 
90° and in elliptical geometry greater than 90°. 


Parallel to | Parallel to 1 é 
ee ee So 
l P l P l tn 


BAG 


In the Euclidean plane, only one line runs parallel to |. In the central pseudosphere, an infinite 
number of straight lines pass through P, all between |, and |,, called parallels to |, and |,, Ona 
spherical surface, no parallel line passes through P. The line | cuts any other passing through P. 
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EUCLID IN REALITY 


All globes of the Earth have meridians, These are 
parallel lines perpendicular to the equator, which 
all intersect at the same two points, one at each 
pole of the sphere. Furthermore, meridians are 
finite lines. 

The same effect is seen in lines that are paral- 
lel to a long straight road: They appear to meet 
on the horizon, Euclid’s own reasoning suggests 
new geometries. 

On the other hand, if we position ourselves on 


the external surface of a balloon and draw a 
triangle, what will be the size of its internal 
angles? And if we are on its internal surface, what will the internal angles of the triangle be 
then? Imagine a huge balloon, infinitely large, whose surface is inhabited by tiny, infinitely 
small beings. In their world, what were previously curved surfaces are now flat, that is to say, 
Euclidean, 


An ant race 


An imaginary race between ants is a very common way of representing the three 
types of geometry and illustrating their differences and similarities in a clear and 
comprehensible way. Imagine two ants running a race. They start running at the 
same time and so, at least in principle, they move simultaneously following a path 
perfectly parallel to each other. The ants always run forward, without turning left 
or right, but their straight-line trajectory will look different according to the type 
of geometry used to describe the surface of the race track. 

If the two ants move across a perfectly flat surface — a Euclidean plane — their 
paths will neither converge nor diverge; both will remain at the same distance from 
each other. 

If they are racing across a curved surface, they will either converge or diverge as 
they race along their respective straight lines. As the diagram overleaf will show, if 
the surface is spherical, they will eventually converge, because the space in which 
they move is not only curved but also concave. If the surface is hyperbolic, they will 


gradually separate, because the curvature on which they move is convex. 
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q a 


————— 


To stay the same distance apart in a spherical or hyperbolic world, its inhabitants 
will have to constantly adjust their paths, relinquishing the concept of a parallel 
line and so abandoning the postulate of parallels. Indeed, if such worlds existed, 
their inhabitants’ concept of parallel would be quite different from what it is in the 
Euclidean world. Therefore, it is important to understand that people in a spherical 
or hyperbolic world would not notice that they converge or diverge, because their 
instruments measuring the distance between them would also become distorted at 
the same time as their paths. They would only notice it if they possessed Euclidean 
measuring equipment. 


Einstein versus Euclid 


These contributions to non-Euclidean geometry, especially the work of Riemann, 
fed into the theories of the great Albert Einstein (1879-1955). Relativity, a theory 
of physics, is based in part on the mathematical concepts of curved space and time. 
By combining both concepts and linking the result to state-of-the-art knowledge 
of the time, Einstein was able to explain the movements of the Sun, planets and 
stars. By basing his thinking on non-Euclidean geometry he was also able to use 
mathematical equations to link the curvature of spacetime with the masses and 
energies within it. 


74 


THE ESTABLISHMENT OF NON-EUCLIDEAN GEOMETRY 


The theory of relativity 


The theory of relativity provides a description of the universe in terms of space- 
time. It combines mass (m) and energy (E) in the famous equation E = mc, where 
cis the speed of light (299,792,458 km/s). The theory addresses the shortcomings 
in the classical analyses of natural phenomena and it does so using non-Euclidean 
geometries as its mathematical model. These — especially Riemann’s — help to pro- 
vide a picture of the universe that is more complete, although perhaps less intuitive. 
In the theory of relativity, space and time are physical quantities that determine 
distances between objects and their relative motion. The universe is curved because 
of the presence of objects (obstacles), which cause straight beams of light to bend 


in space, forming geodesic curves. 


FATHER OF RELATIVITY 


Albert Einstein was born in Ulm, Germany. He 
was fascinated by mathematics from a very 
early age but he was also a free thinker, and 
this led him to abandon the accepted conven- 
tions of mathematics and rote learning. He 
moved to Switzerland, where he took a de- 
gree in physical sciences, but as a young man 
he had to work as a clerk for a patent firm 
in Berne because, as a Jew, he was prevented 
from becoming a teacher. 

He spent what little spare time he had in study 
and research. In 1905 he published his Theory 
of Special Relativity (extended in 1916 as the 
Theory of General Relativity) which treats the 
concepts of space, time and velocity. His work 
revolutionised Newton's theories and provided 
a new interpretation of the universe based on 
geometries that are not necessarily Euclidean. 
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THE TWIN PARADOX 


The theory of relativity requires that space is not Euclidean. The main argument supporting 
this was the discovery of the physical law that established that nothing can travel faster than 
the speed of light. 

The phenomenon of spacetime contraction is illustrated by the twin paradox. Imagine two 
twins, one of whom leaves Earth on a spaceship that reaches speeds approaching the speed of 
light, whereas his twin brother remains on Earth. Several decades pass, and the space-travel- 
ling twin returns. His brother is now an old man, but the traveller is still enviably youthful. 

If an expedition flies to a certain star at 240,000 km/s, the speed as measured from Earth, it 
will arrive at its destination after 50 years. However, for the crew aboard time will have con- 


tracted and only 30 years will have passed. Therefore, after the return journey the crew will 
have aged by only 60 years, while everyone on Earth will be 100 years older. 

The passage of time depends ‘on the speed of the observer. Space and time expand and con- 
tract. Physics and geometry measure time and its role in shaping the universe. Non-Euclidean 
geometry is fundamental to this kind of analysis. 


ee ee 


According to Einstein, the curvature of spacetime is caused by the force of gravity. 


We previously looked at the example of a flat bed to observe how a heavy object 
creates an indentation in its surface and that objects are attracted by the depression. 
Gravity distorts the tranquil — and flat — Euclidean universe just as the heavy object 
in the previous example pressed the bedspread into the bed. When gravity is present, 
the universe is distorted and a particular curvature appears. 

The development of non-Euclidean geometry provides the scientific community 
with both a fascinating chance and a major challenge: How to explain whether 
physical space is Euclidean and, if not, what is the correct geometric model? We 
should also consider the possibility that space is heterogeneous, that is, its geometric 
structure (Euclidean, hyperbolic or elliptical) varies from place to place. It is clear 
that, to solve this problem, we need experimental proof of the axioms of both Euclid 
and his latter-day counterparts. 
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The correct geometry 


The general theory of relativity suggests an interesting conclusion to these ques- 
tions: The three geometries, Euclidean, hyperbolic and elliptical, are all equally 
valid. Relativity does not rule out any of these possibilities. All geometries are 
equivalent over relatively short distances. However, when we deal with astronomi- 
cal distances or large-scale concepts of modern physics such as relativity or wave- 
propagation theory, non-Euclidean geometries yield a more accurate description 
of the phenomena. It could be said that all geometries are appropriate to the real 
world but that each one has its own area of application. Each geometry has its place 
in research because it is better suited to specific areas of knowledge. None of them 
can lay claim to a universal application. 

When we travel over the surface ofa sphere and make measurements, we find we 
are in a universe governed by elliptical geometry. If we travel at speeds approaching 
the speed of light, we need to apply Minkowski geometry to spacetime. It seems, 
however, that human beings see in hyperbolic terms. Brentano's hypothesis, named in 
honour of the German psychologist Franz Brentano (1838-1917), states that people 
tend to overestimate small angles and underestimate large ones. This hypothesis has 
been demonstrated empirically. We may add that most optical illusions and classic 
experiments on perception lead to the conclusion that the space being perceived 
by human beings is a hyperbolic one. 

The question of a ‘correct’ geometry would have been absurd, if not incom- 
prehensible, before the 19th century. As we can see from the immense impact of 
the discovery of non-Euclidean geometries and the theory of relativity, there is 
no doubt that the new geometries have formed the basis of the most important 
scientific theories of recent years, literally redefining man’s place in the universe. As 
well as the immense scales of relativity, the geometries have been used to study the 
minute scales of atomic nuclei. 

However, none of this means that Euclidean geometry should be abandoned 
as a useless relic of the past. Euclidean geometry is still the most tangible system in 
everyday life where it continues to solve our most basic problems. You don’t need 
hyperbolic geometry to rearrange the furniture in your dining room — unless of 


course the room is situated on a pseudosphere. 
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Chapter 5 


The Surprising Results of 
Hyperbolic Geometry 


So far we have looked at the basic theories behind the most important non- 
Euclidean geometries and along the way we have encountered their discoverers 
and explored the historical circumstances. It is now time to look at the matter in a 
little more detail and examine the mathematical consequences of rejecting Euclid’s 
fifth postulate. 

To start with, we shall summarise the work of Bolyai and Lobachevski, allowing 
us to appreciate how their geometry operates and looks, but we won't go as far 
as providing an exhaustive list of all their theorems and explanations. 

The most radical thing that the results achieve is to alter the way in which the 
human mind has traditionally regarded space. As usual, graphical representations 
play an auxiliary role and are not essential to the maths of the arguments, although 
they remain the best way to grasp this colossal paradigm shift. 

As we have already seen, hyperbolic geometry is a non-Euclidean system in 
which the fifth postulate about parallels is replaced by the following one: Through 
a point P not on a straight line / at least two lines can be drawn parallel to it. This 
so-called hyperbolic postulate of parallels can be represented graphically in two 
ways. Both are used interchangeably and both are shown here: 


P 
pete ote 
line | line / 


On the basis of this hypothesis, hyperbolic geometry allows for different 
concepts that conform to its particular geometric space. We will start with the 
fundamental theorem. 
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Limiting angle of parallels and straight lines 


The result involving the limiting angle of parallels and straight lines is considered 
the fundamental theorem of hyperbolic geometry. To understand it, let's start with 
the following diagram: 


region II 


/ line | 


Through a point P outside a given line | there pass at least two lines, m and n, 
parallel to /, so that all lines within region I interest with / and those within region 
II do not cut [. This result indicates that there is an infinite number of parallel lines 
through point P. Lines m and n, called the boundary lines, delimit two regions (I 
and II). In one of which there are parallel lines and in the other lines that cross /. 


= o=f/2 , 
7 


Perpendicular of | to P. 
Distance from P to | = d. 


ee 
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Thus, in region I, boundary lines m and n form an angle B, which is less than 
two right angles (180°), as can be seen in the lower diagram. 

The value B/2=a is called the angle of parallelism. Notice that a will be an 
acute angle (smaller than a right angle). This is a significant fact if we bear in mind 
that in Euclidean geometry this value is always a right angle. 

In the second graph, a perpendicular has been drawn from P to line /, and the 
distance from P to lis called d.We see that a depends on the length of d (remember 
that this is not a flat surface), so that 


1 As d decreases, a approaches a right angle (90°) 
2 As d increases, a tends to 0). 


This result can be visualised by imagining a rubber band. P is an object at one 
end of the rubber band stretched to the maximum and fixed perpendicularly to |, 
so that P can move upwards, i.e. increasing the value of d, and downwards, so that 
the lines move in accordance with the rubber band. Hence we can see how the 
angle of parallelism will vary. 

In this situation there is a constant value that we can call k, depending on the 
unit of length adopted for d and yielding the following expression: 


It is possible to derive the above result in another way. When the value of d 
increases, the right-hand side of the equation will tend to 0, and so the value of 
a 
tan also approaches 0, meaning that a is practically 0. 


Similarly, if d is a wer small, the term tan & will approach 1 and so , that is to 


wR 
aI 


say, & will be = 5 fnence 90°, a right ade 
In Euclidean geometry an angle does not vary in this way when distances 


change. In hyperbolic geometry, however, we see that the angle always depends on 
the value of d. 
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Equidistant curves 


In Euclidean geometry, the distance of any point on parallel line s from line | is 
always the same. As we might expect, in the world of hyperbolic geometry this 
situation turns out to be rather different. 

Consider a line | and a line s parallel to . Then choose a point P on s, as per the 
following diagram: 


line | 


As P moves to the right, we notice that the distance of P from line | decreases. 
In mathematical terminology we would say that this distance tends to zero. 

We can also say that lines | and s converge asymptotically to the right. Similarly, 
if point P moves to the left of the drawing we see that the distance of P from line 
| increases. In that case we say that lines / and s diverge. 

Therefore, when in hyperbolic geometry we encounter a straight line for which 
the distance from another remains constant, it cannot be called a parallel line. If it 
were then it would contradict the fifth postulate of hyperbolic geometry. Instead, a 
line keeping a constant distance from a specific line is called an equidistant curve. 


Pythagoras, triangles and lengths 


We will now introduce results from problems involving triangles, circles and the 
relationship between their areas and lengths. These will include Pythagoras’s theo- 
rem, and we can take a look at how this behaves in hyperbolic geometry using 
some problems that will be familiar to everyone from their schooldays. 
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Triangles 


The formula for the area of a triangle in Euclidean geometry is always the same 
for any triangle: A= bh, i.e. base x height divided by 2. The universal basis of this 
expression is the fact that the sum of the internal angles is always 180°. 

The strangest thing about the behaviour of a triangle in hyperbolic geometry 
is that the formula for area depends on the sum of its angles. As we have said, in 
hyperbolic geometry the angles of a triangle always add up to less than two right 
angles. Therefore, the sum of the four angles in a quadrilateral will also be less than 
360°. 

In Euclidean geometry, if the three angles A, B and C ofa triangle and the three 
angles A', B' and C' of another triangle are equal — they have the same value — then 
the triangles are said to be ‘similar’, but this does not mean that the sides are the same 
length, as one of the triangles can be bigger than the other. In hyperbolic geometry 
it turns out that in this situation the triangles are also equal in size. 

We shall now look at the process in greater detail. Let A, Band C be the angles 
of a triangle. They sum to less than two rights angles (180°) and so we can use the 
positive value obtained by subtracting 180-(A+B+C). This number is called the 
residue, and it yields the following result: The area of a triangle is proportional to 
the residue. 

If we call the coefficient of proportionality k, the formula for the area of the 
triangle is given by the following expression: 


Area = 2 +k? (180-(A+B+0)); 


with the maximum value of the area for any triangle being 7-k?. (Triangles of an 
infinite area are not possible in hyperbolic geometry.) We will not supply a proof 
of this result as it is very long and involved. We simply note the equation here, 
however odd it may seem. 

The expressions for calculating the area of a triangle allow us to confirm what 
we said earlier. In fact, in the Euclidean case, two triangles with the same angles 
do not necessarily have the same area and, consequently, do not need to be equal. 
However, in the hyperbolic world, if they have the same angles (and, hence, the 
same residue) they must be equal in size. 
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Also notice that, in hyperbolic geometry, the larger the triangle, the larger its 
area and the smaller its angles will be. In regions that are very small (infinitesimal in 
maths jargon), the sum of the angles of triangles approximates to 180°. Therefore, 
we can say that Euclidean geometry is a limiting case of hyperbolic geometry. 

Johann Heinrich Lambert, already mentioned in chapter 3, had noticed as early 
as the mid-18th century that by rejecting Euclid’s fifth postulate he obtained the 
result that the sum of the angles of a triangle increased, approaching 180°, as the 
area of the triangle decreased. 


Circles 


Basic geometry taught in schools all over the world does not focus exclusively on 
triangles. The circle is another of the geometric shapes on the curriculum, and a 
everyone who has been to school will understand something about what a radius 
is. Of course, the axiom is Euclidean and establishes that the length of a circum- 
ference is proportional to the radius r. This relationship involves another famous 
mathematical character, the number 7: 


Circumference= 2:7 -r 
However, in hyperbolic geometry the length of a circumference is calculated 


with the following formula: 


Circumference= kem-(ek - ei) =k-7-(2- sinh). 


Rent & 
In this expression, k is the factor of proportionality and me is the so-called 
hyperbolic sine of & The number e is another old friend, the first few decimal 
places of which are 718281828... At this point we should recall that 


eA—e-A 


2 


sinhA = 
Developing the first expression 


Circumistencesikin-(en2e 8) =i (2: sinh), 
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as a power series, we obtain the equation 


cS ae 1 4 
Circumference = k:70-(ek —¢ s)e2eir(le— +0), 


and so arrive at a new expression for the length of a circumference, expressed as the 
sum of the terms in an infinite sequence. 


If we look carefully at the second term of the expression 


r r 2 
Circumference = k-7-(et ~eH)m2-wr(l4e- 4.0, 


2 
we notice that if ris very small, the factor(1+-—+.. will approach 1, and so the 
formula for length reduces toward the better Soma expression used in Euclidean 


geometry 


Circumference = 2-7+r 


It is possible to perform a very simple experiment to prove this similarity. To 
be able to handle the calculation more easily, let us suppose that we are measuring 
distances in km. Consider the above expression for the length of a circumference 
in terms of the power series. The factor k has a value of k=10"’and we wish to 
calculate the length of circumference of a circle with radius 100 km. 

If we put these values into the expression 


2 
Circumference = 2:7 +r-(1+ datetn 
6 k? 


and also into circumference = 2m, we determine that the error is only 10°, 

If the calculation is done for a radius of 1 km, the error will be of the order of 
10°. We then continue calculating with smaller values as the circle shrinks. With 
a radius of 1 m, the error will be approximately 107. Therefore, we have shown 
that, with small dimensions, the length of a circumference in hyperbolic geometry 
approximates to the length ofa circumference in Euclidean geometry. This type of 
reasoning can also be applied to formulae for the area of a triangle. 
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TAYLOR SERIES 


In certain conditions, the following identity is valid for a quantity A: e4 aA Ae, 
This expression for e4 is called a Taylor expansion, after the British mathematician Brook Taylor 
(1685-1713). If you have an old-fashioned calculator with only the four basic operations (ad- 
dition, subtraction, multiplication and division), the above formula allows you to calculate e to 
any power by simply setting a value for A; the more terms that are included, the greater the 
accuracy, The expression n/ is an abbreviation of the product n(n—1) (n—2)-....1 and is read ‘n 
factorial’. For example: 5! =5x4x3x2x1= 120. 


If the Taylor expression is applied to: circumference = k-m(et -et) we get 


n us 
ert 45 + 


854, nein PT, BOE: es J a) 
3” oom” *2520n8” * erage” tO" 


where the last term is very small and includes r to the 11th power. If the term 2-7-r is extracted 


from this expansion as a common factor, we arrive at the following equation: 


‘ 1 
Grcumference = 2-70 (+e pr 


n 
The quotient ms indicates the difference between the properties of a figure in 


hyperbolic and Euclidean geometries, where n is a dimension of the shape (the 
radius of a circle, side of a triangle). However, on an astronomical scale the quotient 
" cannot be so easily ignored. 

In fact, the results shown here only serve to confirm that hyperbolic geom- 
etry is an extension of Euclidean geometry. Lobachevski enthusiastically suggested 
this idea among his theories, christening his geometry as pangeometry, meaning 


‘universal geometry’. 


Pythagoras 


It is always helpful to review knowledge based on certain assumptions through 
another lens. However, the effect of the new geometries is felt nowhere more keenly 
than on Pythagoras’s theorem. In hyperbolic geometry, Pythagoras’s theorem is just 
as fundamental as in the original and, as expected, over small distances it behaves 
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just like other hyperbolic objects. In other words it coincides with the Euclidean 
version. However, as distances increase the situation changes. 

Consider a triangle in hyperbolic geometry, the sides of which we label a, b and 
¢, with ¢ being the hypotenuse; setting angles A, B and C, the visual representation 
of this shape challenges the classical notion of the triangle: 


(ej 


In this triangle 


~ -s b - 


2-(ek+ek )=(ek+ek)-(ek tek ), 
which may be expressed in terms of hyperbolic geometry as 


c a b 
h—= cosh =: cosh—. 
coal = cosh coal 


e bad a a b -b 
Expanding 2:(ek +e# )=(e# +e & )-(e# +e ), as a power series, as we did for the 
circumference of a circle, we obtain the following equality: 


a 
r a6. +4 
a= a? +624—B 


ots aes 
12-k* 12+k? 


We can check that for sides of small length the Pythagorean formula 


=a +h, 


holds good, and this, of course, is its traditional form in Euclidean geometry. 
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HYPERBOLIC FUNCTIONS 


Hyperbolic functions are so called because their properties resemble those of classical 
trigonometric functions. They are related to the hyperbola in the same way that traditional 
trigonometric functions are related to the circle. 


Hyperbolic sine 
Hyperbolic cosine 
Hyperbolic tangent 
Hyperbolic cotangent 


Hyperbolic secant 


Hyperbolic cosecant 


After all these examples yielding the same result, it is clear that we can state 
categorically that parallel lines in a hyperbolic plane are no different from Euclidean 
parallels in very small regions. On the other hand, all these calculations have been 
characterised by the hyperbolic trigonometric function, a peculiar version of the 
traditional functions, sine and cosine, and which we have called hyperbolic sine and 
hyperbolic cosine. Welcome to hyperbolic trigonometry. 


Hyperbolic trigonometry 


As a consequence of the complexity of their mathematical endeavours, Bolyai and 
Lobachevski were obliged to develop trigonometric expressions for hyperbolic 
geometry. The strange thing is that, just like the rest of their work, they did so in- 
dependently of each other. This fact is an indication of their genius but also shows 
that the results they both obtained are likely to be valid. 
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In the relations encountered by both researchers, the formulae can be reduced 
to classical trigonometry according to the size of the regions used, but on other 
occasions they point towards new, completely unexplored, realms. 

If x is a quantity, hyperbolic sine and hyperbolic cosine are defined as 


eo ere 


sinhx = and coshx= 


Similarly, as in elementary trigonometry, hyperbolic tangent is defined as 


Before going on, it is worth stopping for a moment to recall briefly the so-called 
sine rule, 
In a triangle of sides a, b and c and with angles A, B and C , as below 


Cc 


the following relationships apply 


a b c 


sinA sinB sinc” 


A similar relation can be stated in hyperbolic trigonometry: 


sind sinB_ sinC 


sinha sinhb  sinhe 
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C 


To check the equality between the two forms, we simply replace the hyperbolic 
sine and cosine by the relations defining them, 


einer ee re 
, x= , 
2 


sinh x = 


and see that, by carrying out the respective calculations, we do indeed obtain the 
same answer. 

With formulae that define hyperbolic sine and cosine we can also obtain other 
trigonometric identities similar to those in Euclidean geometry. For example, we 
can check that 


cosh(x + y) = cosh x cosh y + sinhx * sinhy, 


is equivalent to the expression 


cos(x + y) = cosx ‘cosy — sinx* siny. 


FUNDAMENTAL THEOREM OF HYPERBOLIC TRIGONOMETRY 


In Euclidean trigonometry there is an important identity, called the fundamental theorem of 
trigonometry, which states that sin?x+cos?x=1, Its counterpart in hyperbolic trigonometry 
is: 


cosh” x = sinh’ x =1; 


2 2 
re Soper ipa (Zh) aly (er sacl Bs 
cosh x= sinh x= |—>— 5 


ee ex-e-. e- erce-x eK ad 0 
=} + cy cx 


7 iy ipa rar eee ae’ Ieabey keke 


aot 
rir ie 
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A QUESTION OF TERMINOLOGY 


In Euclidean terminology sine and cosine are described as circular functions, as they can be ob- 
tained from the properties of the circle. If we consider a circle of radius 1 with its centre at the 
origin of the coordinate system, it is expressed mathematically as x2 + y? =1. In this simple exam- 
ple we can take a magnitude t, with the expression then becoming x= cos t and y=sin t, which 
satisfies the relation x? + y? =1. This equation is called the parametric equation of a circle. 


If instead of a circle we make the graph of the expression x?+y2=1 a hyperbola then 
x=cosh t and y=sinh t, satisfy the relation x? + y? =1. This equation is known as the ‘equation 
of a hyperbola’. Comparing the graphs of the circle and the hyperbola, something familiar 
emerges, The graph of the hyperbola is reminiscent of the pseudosphere. 


As for the tangents, it can be shown that 


tanh x + tanh 
tanh(x-+y) = 
1+tanhx:tanhy 
which is the counterpart of 
tanx + tan y 
tan(x+ y)=——_—__——-. 
1—tanx-tany 
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EUCLIDEAN TRIGONOMETRY 


Trigonometric addition and subtraction formulae: 
sin (x + y) =sin x:cos y + Cos x:sin y 
cos (x + y) = cos x-cos y= sin x-sin y 


sin (x - y) = sin x-cos y— cos x’sin y 
cos (x—y) = cos x-cos y + sin x:sin y 


SOLVING A HYPERBOLIC TRIANGLE 
FROM ITS ANGLES 


In a hyperbolic triangle, the internal angles are known to be A=8°, 8 = 22°and C=40° The 
residue and the hyperbolic lengths of the sides are to be calculated. 
Using the residue method, 180°-(8°+22°+40°)=110°. To calculate the lengths of the sides, 


the hyperbolic law of angular cosines can be used; in this way we get 


CosB-cosC +cosA _ cos22-cos40+cos8 __1.700532108 


ed ————— -7. 7. 
sinB «sinc sin 22-sin 40 0,2407924768 casio 


cosha = 


This result allows us to calculate the value of a. But to do so, we need to use a calculator and 
select the inverse function of hyperbolic cosine. The value of this is 2.642857562. Then, 


cosC-cosA+cosB cos40-cos48+cos22 1685773206 


- =—————_ = 18, 84414104, 
eTO CTSA sin 40:sin 8” 0.08945874a9  '° 
which gives us b = 3.628644458. Further, 
coshc = SOSA :605B + cosC c0s8-cos22+cos40 1684205008 = 32, 30458999, 


sinA-sinB sin 8-sin 22 0.05213516125 


Fortunately, modern scientific calculators now incorporate these functions, and the calculation 


can be made without all the tedious stages. 
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Of course, the other relationships can also be checked by using the definition of 
hyperbolic sine and cosine. 

From the well-known table of traditional trigonometric identities, a similar one 
for hyperbolic geometry can be drawn up. We simply need to replace the terms 
sin x and cos x with sinh x and cosh x respectively and, of course, make the neces- 
sary mathematical adjustments because, as we have seen, the difference is not merely 
cosmetic, We have to change the sign of each term containing the product of two 
hyperbolic sines. 

This simple rule allows us to obtain relationships for hyperbolic trigonometry 
that are analogous to their Euclidean versions: 


sinh (x+y) = sinh x-coshy+coshx:sinh y 
sinh (x —y)= sinh x-cosh y—coshx-sinh y 
cosh (x+y) =coshx*cosh y+sinh x ‘sinh y 
cosh (x= y) = coshx-coshy—sinh x:sinh y. 


Classical and hyperbolic trigonometry 


As we have seen, traditional trigonometry taught in schools is not unrelated to 
the hyperbolic variety; both show similar relationships. The expressions presented 
below involve elements of both trigonometries. 

Consider a triangle with angles A, B and C and sides a, b and c, as we saw in a 
previous diagram: 


(e; 


Within it, the following identities apply: 
1) The hyperbolic law of angular cosines: 


cos A = —cosB+cosC + sinB-sin C-cosha 
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2) Hyperbolic law of cosines for sides 


cosha=coshb-coshc—sinh b-sinh c:cos A 
3) cos A = cosha: sin B 
4) B/2=a 
The above expressions are valid if we replace a, b, c with b, c, a, and A, B, C with 
B, C, A, respectively, in a process known as circular permutation. In this way we 


can draw up a complete table of relationships between traditional and hyperbolic 


trigonometries. 
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Chapter 6 
Contributions to 
Elliptical Geometry 


The German Bernhard Riemann is a name writ large in the history of mathemat- 
ics. Elliptical geometry is the brainchild of Riemann’s astonishing mathematical 
mind. The German envisaged straight lines on surfaces like those of rugby balls or 
footballs and realised that they would appear as circles. 


The third geometry 


The surface of an ellipsoid is the solid most often used to visualise and interpret 
elliptical geometry — hence the term ‘elliptical geometry’. To demonstrate as clearly 
as possible how this geometry behaves, we shall study its manifestation on the 
surface of a sphere, which is a special case, the simplest, of an ellipsoid. 

It can be used to represent this geometry in a very interesting and satisfying way. 
We now take a closer look at the surface of an ellipsoid. 


——EEESEEEEE——————————————E SS 
ELLIPSE 


An ellipse is a curve such that, at any point on its 
perimeter, the sum of the distances to two points 
inside it (called the foci) is a constant value. 


. 


F, 


The circle is a special case of the ellipse and results 


when both foci are superimposed. 


95 


CONTRIBUTIONS TO ELLIPTICAL GEOMETRY 


An ellipsoid is obtained by rotating an ellipse about one of its axes of symmetry. 
A 3D representation of an ellipsoid resembles an orange, lemon and also planet 
Earth. The Earth is not actually a sphere but an ellipsoid, as it is flattened at the 
poles. However, to avoid making the issue too complicated, whenever the globe of 
the Earth appears from now on it will be considered to be a perfect sphere. 

To understand the following example, we need to make a small leap of imagi- 
nation and form a mental image of Gulliver travelling through the land of the Lil- 
liputians. Imagine that these beings inhabit part of the ellipsoid and that they have 


to make some measurements with a protractor. 


On the surface of the ellipsoid we have drawn a triangle, the corners of which 
are points A, B and C. Imagine that the two internal angles at the bottom of the 
triangle are 90° each, as measured by the Lilliputians walking across the ellipsoid’s 
surface with their giant protractor. It is possible to imagine the upper angle as a 
small angle — we do not need to know its value in degrees since we can see that 
the sum of the internal angles in a triangle drawn on the ellipsoid’s surface is 
greater than 180°.This contradicts one of the fundamental theorems of Euclidean 
geometry: The sum of the internal angles of a triangle is always equal to 180°. 
The axiom established by elliptical geometry is quite different: On an ellipsoid, 
the sum of the internal angles of a triangle drawn on its surface will always be 
greater than 180°. 
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In elliptical geometry it is not possible to draw a line parallel to a given line. 
Therefore we can say that elliptical geometry is a rejection of Euclid’s fifth postulate, 
and it is replaced by another postulate: 


‘No parallel line will pass through a point external to a given straight line’ 


Spherical geometry is a special case of the geometry manifested on the surface 
of an ellipsoid. This is very straightforward and intuitive and enables us to visualise 
Riemann’s results quite easily. It is worthwhile considering it here as a model of 


elliptical geometry. 


Terminology of spherical geometry 


A sphere is a surface generated by rotating a circle about its diameter. A plane that 
does not cut the sphere is said to be exterior to it. Ifa plane cuts it at just one point 
it is said to be tangential to the sphere; otherwise, it will cut the sphere at circles 
on the outer surface and is then known as a secant plane. If this secant plane passes 
through the centre of the sphere, the circle produced is called a great circle. 


B 


Consider two points A and B such that the segment joining them passes through 
the centre of the sphere (O) ~ these two points are said to be diametrically opposed. 
In that case, the great circles passing through the diameter (AOB) are called merid- 
ians, and points A and B are the poles. For each pair of points A and B with this 
property, there is a single great circle perpendicular to the diameter AOB known 
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as the equator of poles A and B. 


Perpendiculars to the equator, the meridians, can be easily visualised. You only 
have to think of a tangerine after it has been peeled. The lines dividing the segments 
are parallel lines that intersect at the poles. 

Notice that two great circles divide the surface of the sphere into four parts. 


Three great circles that do not intersect at a single point demarcate eight areas on 
the sphere’s surface, called spherical triangles. 

A spherical triangle may also be defined as the part of the surface of a sphere that 
results from the intersection of a trihedron and the sphere’s surface. The arcs on the 
sphere delimited by vertices A, B and C are called ‘triangle sides’. 
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TRIANGLES AND TRIHEDRA 


Generally speaking, a spherical triangle 
is that part of a sphere'’s surface which 
is delimited by three great circles. If the 
vertices of this triangle are called A, B and 
C, the shape defined by A, 8, C and the 
centre of the sphere (O) is known as a 
trihedron, 


The outer surface of a tangerine segment 
contains two meridians. 


Thus we can label the figure below as follows: side BC is called a, side AC b and 
side AB c.The letters A, B and C are often also used to denote the values of the 


internal angles of a spherical triangle. 


Let’s look at an example of calculations for a sphere, using the Earth as our model. 
There are several useful formulae for measuring a sphere. Let's begin by making R 
be the radius of the Earth: 


“97-R3 
Volume = TEA Suto aca 4-0 R?2, 


If the Earth’s radius is approx. 6,350 km, then we can calculate its total surface 
area. 
Surface area = 4+ 1 6,350? = 506,692,535 km? = 5.066992535: 108-km2. 
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DEGREES AND RADIANS 


A radian is the interior angle of a circle subtended by an arc the length of which is equal to 
the radius of that circle. Its value is approximately 55 degrees 17 minutes and 44 seconds. The 
radian (often written as just rad) is used as a unit of measurements in the so-called ‘circular 
measurement of angles’. If the circular measure of an angle is a radians, the angie will be 
ee —— degrees; and, conversely, an angle of G° will have a circular measure of £8 radians. 
That i is, the 360° measure of a circle is equivalent to 2- radians. In general, this calculation is 
carried out as follows: 

If x rad = 180°, then R radians are G°, giving a8 For example, how many radians are 
there in 30°? 


Substituting into the formula, we obtain -E ana, rearranging for R, we have 


We can also do the reverse calculation. How many degrees are there in — a 2 vadians? 


n 480 


The formula gives us = and, } =4 
e formula gives us 160°C and, rearranging for G, Z 


Ue TS ane cae agen pee ee a eae 


Turning now to volume, we apply the formula for this and get 


“7 3 
volume a. 1,072499199 10"%k m3 


With these results we can calculate the area of an octant, the region delimited 
by an eighth part of the Earth’s surface. We simply divide the value of the Earth’s 


area by 8.This gives us 63,366,566.88 km’. 
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As can be seen, each octant delineates a spherical triangle with angles of 
90°= 7/2 radians. Notice that the total is 270°= 37/2 radians (that is, more than 
180° = & radians). Hence, what would be the value of each side? 

Each side can be considered an arc of a great circle and so, using the formula 
for the length of arc, we obtain: 


(a R)=F 6,350 = 9.974. 2625 km. 


Another way of arriving at this result is to calculate the length of a great circle 
and then to divide it by four — remember that the circumference of a circle is 2WR 
— thus getting: 

2 9.974:2605 km. 


Clearly, the same procedure could be carried out for the Moon, the radius of 
which is 1,736 km. 


LENGTH OF THE ARC OF A CIRCULAR SECTION 


In the portion of a circle with centre O and radius rshown in the diagram, a is the angle, usually 
in radians, c is the arc between A and 8, and r the radius of the circle. The expression for the 
length of arcis: c=acr. 


When we are dealing with the length of a side of a spherical triangle, we generally use units 
of angular measurement, as clearly all we need do to obtain the actual length is to multiply by 


the radius. 


101 


CONTRIBUTIONS TO ELLIPTICAL GEOMETRY 


Let us return to our general discussion.A geodesic curve is the shortest line con- 
necting two points on a surface and itself contained within this surface. Notice that 
ona completely flat, i.e. Euclidean, surface the geodesic will be a segment. Between 
two points A and B on a spherical surface, of all the circles passing through these 
points and located on the sphere the one supplying the shortest distance between 
A and B — the geodesic — is a great circle. That is, the geodesic will be that part of 
the curve between A and B obtained by the intersection of the sphere with plane 
AOB. Therefore, the geodesic between A and B is the smallest of the great-circle 
arcs connecting A and B, Take note that this circle is only unique when A and B 
are not diametrically opposed. 


In geometry projected onto a sphere, the concept of the straight line in Eucli- 
dean geometry is transformed into that of the great circle. Therefore, it is no longer 
possible to obtain parallel lines, as on the sphere great circles always intersect at dia- 
metrically opposite points. You only need look at a peeled orange to confirm this. 


THE SURFACE OF THE EARTH 


ls the shortest route between two European capitals, for example London and Paris, unique? 
The answer to this question is yes — there is just one geodesic connecting them. Therefore, will 


there also be just one route between the north and south poles? Here the answer is no - there 
is an infinite number of geodesics connecting them, as the poles are geometrically opposite. 
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A world of spherical triangles 


The world of spherical triangles contains much of the mathematical heritage of 
elliptical geometry. Therefore, it is worth looking at in some detail. 

To start with, let’s consider the spherical triangle in the diagram below, with 
angles A, B, C, sides a, b,c,and R being the radius of the sphere. 


The sum of angles and sides of a spherical triangle 


One result to be borne in mind and already presented before is that the sum of the 
angles of a spherical triangle is greater than 180° = 7 radians and less than 360° = 
2n radians. That is to say 


M<A+B+C<2-7. 


Therefore, we can say that the sum of the sides of a spherical triangle satisfies the 
following inequality 


a+b+c<2-m-R, 


The area of a triangle 


The quantity (A + B + C — 180°) is called an excess, so that the area of a 
spherical triangle (A) can be found using the following formula: 
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2 


Area of a spherical triangle = eee aR 


where R is the radius of the sphere. 

We should point out that the greater the area of a triangle, the greater the sum 
of the angles will be. Moreover, notice that, if the area is large, the excess will be 
large, and so A + B + Cis also large. 


Lengths of circumferences 


A result from Euclidean geometry states that for any circle of radius r , the length 
of the circumference will be 27r. Translating that into elliptical geometry produces: 


AREA OF A TERRESTRIAL SPHERICAL TRIANGLE 


Let's look at the following question: How large must the area of a spherical triangle on the 
Earth be for the sum of its angles to exceed 180° by at least 1°? Using the expression for the 
area of a spherical triangle we get 


180°-A 


A+B+C =180°+ 


We want to find the value of A such that 


A+B+C =180°+ 1804 _ 190041. 
mR? 


Hence 


Rearranging for A and substituting 6,350 km for R, we obtain 


aur ae x 6,350? _ 
180° 180° 
= 703,739.6319 km?, 


Therefore any triangle on the Earth with an area equal to or greater than 703,739.6319 km? 
will exceed its normal angular total by at least 1°. 


104 


CONTRIBUTIONS TO ELLIPTICAL GEOMETRY 


For any circle of radius r the length of the circumference will be greater than 2mr. 


The sine and cosine rules 


In spherical geometry the sine and cosine rules take the form 


n era 
—— = —— = —; cosa=cosb:cosc+sinb: sinc: cos A, 
snA sinB_ sinC 


The cosine rule is subject to circular permutation (changing a for b, b for c and 
¢ for a). 


Pythagoras's theorem 


Once again, the importance of Pythagoras and his theorem in Euclidean geometry 
is reflected in other manifestations of geometric space. Pythagoras’s theorem can be 
applied to spherical geometry, where it behaves somewhat differently. The classical 
theorem is expressed in this geometry as follows: When R is the radius of a sphere, 
¢ will be the hypotenuse and a and b the other two sides; C will be the right angle 
required by the Pythagorean postulate: 


c a b 
cos— = cos—:cos—. 
R 


R 


For greater clarity, this statement can be expressed in verbal form, which is what 
we usually do with this familiar relationship. However, the result is not at all remi- 
niscent of the original Pythagorean version, but we have it here anyway: 


“In any right-angled triangle drawn on the surface of a sphere of radius 
R, the cosine of the quotient of the hypotenuse ¢ and the radius R is equal 
to the product of the cosines of the quotients of the other sides and the 


radius.” 


The table overleaf compares the salient mathematical features of traditional and 


spherical geometries — the simplest form of elliptical geometry. 
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A straight line is the shortest path The geodesic is the shortest line 
between two points between two points 


A geodesic has a maximum finite length 


Straight lines are infinite. The distance be- t 
of 2R. The maximum distance separating 


tween two points is not restricted 


two points is R. 
The geodesic will be unique if and only =| 
There is a single straight line connecting if the two points are not geometrically 
two points opposed, otherwise there is an infinite 


number of them. 


; , ‘ Straight lines are great circles and the’ 
There are lines with no shared points and jae meas sas =o = ¥ 
always intersect. There is no parallelism 


these are called parallel lines. ; 
» in the Euclidean sense. 


Two perpendicular straight lines form four Two perpendicular geodesics form 8 
right angles. right angles. 


A spherical tri have 0, 1, 
A triangle has at most one right angle. ey hal its bas 
even 3 right angles. 
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Geometry of the Earth 


There are two classic problems involving the Earth’s geometry. They were put 
forward by the famous mathematician and teacher George Polya (1887-1985).The 
first is a humorous story that conceals a good deal of mathematical knowledge. It 


is known as the polar bear problem. 


“A brave hunter leaves his camp and walks 1 km south. He then turns and 
walks 1 km east. At this point he sees a bear, takes out his gun and shoots. 
Pleased with his kill, the hunter walks north and after covering exactly an- 


other km he is back at his starting point, What colour was the bear?” 


The hunter’s path describes an arc of a meridian as he walks in a north or south- 
ward direction and an arc of a parallel (parallel to the equator) when walking east. 


North Pole 


Meridian 


Equator 


Meridians pass z Parallel 
through poles South Pole 
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If the hunter returns to his starting point following a meridian other than the 
one he followed initially, his point of departure must be the North Pole. Otherwise, 
by travelling along a complete parallel, or two, or three, he would be moving to a 
point near the South Pole. Anyway, the answer is that the bear was white. A bear 
found 1 km from the North Pole can only be white. 

The other Polya problem is not as well known but is just as intriguing, It is 


known as Robert's problem. 


“Robert wants a piece of land that is completely flat and bounded by 

four very precise straight lines. Two of these lines should be in a north- 
south and the other two in an east-west direction. Each should be exactly 
1,000 m long. Can Robert find this land in Mexico? 


The reasoning used in this problem is the same as before. The land Robert wants 
is bounded by two meridians and two parallels. Imagine two fixed meridians and a 
parallel moving away from the equator: The arc of this mobile parallel intersected 
by the two fixed meridians shrinks considerably. The centre of a piece of land with 
these features can only be found on the equator. A glance at an atlas shows that 
Robert will not find the land he is looking for in Mexico because that country is 
entirely within the Northern Hemisphere. 


Parallels and meridians 


From Pythagoras to GPS (Global Positioning 
System) there has been a positioning system Earth’s axis 
based on the concepts of longitude and latitude ' North Pole 


that indicates approximate positions on the 


Earth’s surface (or on any sphere). 

The great circles passing through the poles 
are called meridians and lines perpendicular to 
them are parallels. As has already been said, the 
Earth resembles an orange, in which the joins 
between segments are the meridians and the 
points where they intersect are the North and 
South Poles, The only great circle among the 
parallels is called the equator and divides the 1 South Pole 
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Greenwich Meridian 
O°longitude 


Earth into two equal hemispheres. The zero meridian is the one passing through 
Greenwich, England. 

Latitude is the distance to the North or South Pole, depending on which hemi- 
sphere you are in, and is measured from the equator in degrees. Longitude is the 
distance east or west, i.e. to the right or left of the zero or Greenwich meridian and is 
also measured in degrees. All points on the same parallel are at the same latitude. 

The first question arising from all this information is this. If the aim of this system 
is to position points and establish directions on the surface of the Earth, why are 
latitude and longitude measured in degrees and not kilometres? 

To start with notice that the surface on which the calculations are done is a sphere. 
To fix a point on it, just two coordinates are required, because although a sphere 
curves there is no third dimension; it is a two-dimensional surface. 

This point requires some further explanation. Think ofa circle divided into 360°. 
If two perpendicular lines are drawn through the centre, four regions (quadrants) of 
90° — known as circular sectors — are obtained. Smaller sectors can be constructed 
by adding straight lines that pass through the centre. These are characterised by their 
angular measurement, meaning that an angular measurement can be assigned to any 


point on the circumference. 
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[ GEOMETRIC AREAS OF THE EARTH 


The Earth could be cut into Rreuetucls 
innumerable slices, each with 

a value expressed in degrees. ‘Tropic of Cancer 
Some of these sections are 

used in navigation and meteor- Equator 

ology and so are given a special 


name. The best known are the ‘Tropic of Capricorn 


polar circles and the tropics, as 
well as the equator. Antaretic Circle 


SR Fe oa 


Now imagine a sphere such as the Earth instead of a circle. If it is divided into 
two parts from one pole to the other, we can also apply angles to it in the same 
way as with the circle and hence it is possible to specify the position of a point by 
citing two angular values: longitude and latitude. 

Angles are measured east (to the right) and west (to the left) of the 0° meridian 
until the anti-meridian, the meridian diametrically opposite, is reached. Thus, lon- 
gitude has values of up to 180°, that is, half of 360° or, equivalently, 90° + 90°. The 
equator and the Greenwich meridian can be thought of as coordinate axes. 

As for latitude, this is measured from 0° to 90° and always in indicate as being 
north or south. 


TWO ENDS OF THE EARTH 


New York and Sydney are not exactly antipodes, that is, in positions diametrically opposed to 
each other on the planet's surface, but of course they are very far from each other. However, 
their latitude and longitude coordinates do not make this obvious. 


USA 40°47! N 73°58! W 
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The sphere of the Earth shown with its 
meridians and parallels. These lines are used 90 90 
to provide unambiguous positions on South 

the surface. ce 
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Three points at different latitudes and longitudes in two different projections of the Earth. If we 
depict them in a plane projection (top) we will get a conventional triangle, whereas if we do so ina 
spherical projection (bottom) we will get a spherical triangle. 
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From the Mappa Mundi to Google™ Earth 


The traditional globe of the Earth seen today in many school classrooms is a sphere 
with a superimposed grid consisting of lines representing the planet’s meridians 
and parallels. Often classrooms also have the map of the world in plane version 
with divisions reminiscent of a Cartesian plane. 

The longitude is shown by vertical divisions; longitude west is on the left, while 
the right-hand divisions show the longitude east. 

Similarly, the horizontal divisions indicate latitude; the upper ones show north, 
the lower ones indicate latitude south. The illustrations opposite highlight the same 
regions of the world on two types of map. In the first the meridians and parallels 
are perfectly straight, but in the second they curve. 


What is the shortest distance between Barcelona and Tokyo? 


Using a paper map of the world we see that Barcelona is at about 2°E, 41°N and 
that Tokyo is at about 140°E, 36°N. If we consider a spherical triangle with corners 
A, Band D (located at the North Pole), with A at Barcelona and B at Tokyo, it can 
be drawn as follows: 


Barcelona A(2E, 41N) 


Tokyo B(140E, 36N) 


The geodesic linking Barcelona to Tokyo is labelled d. The value of d is the 
minimum distance between both cities. To calculate this, we can use the cosine 


tule for spherical triangles: 
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cosd =cosa-cosb+sina:sinb-cos D. 


Notice that to find d we need values for a and b and the angle at D,To calculate 
the length of a side of a spherical triangle, the equator will be the horizontal axis 
in a Cartesian plane, and the latitude in degrees of the points concerned will be 
subtracted from 90°. For D we proceed similarly, but this time taking the Green- 
wich meridian as the coordinate axis: 


a=°—41°= 49° 
b=90°—36°= 54° 
D=140°—2°= 138°. 


Substituting these values into the cosine rule and putting them into a calcula- 


tor, we obtain: 


cos(d) = cos(49°)* cos(54°) + sin(49°) - sin(54°) + cos(138°) = 
= 0.656059029 * 0.5877852523 + 0.7547095802 : 0,809016944 : (=0.7431448255) = 
= -0.06812225162. 


We then use the cos" key and find that the distance d is 93.90614266°. 

However, it would be much more useful to state this distance in kilometres. The 
length of a great circle on the surface of the globe can be calculated by recalling 
that the Earth’s radius is 6,350 km and using the formula 


2:1 R = 2:7-6,350 = 39,898.23 km. 


Thus we find that 39,898.23 km is the length of an entire great circle (360°). We 
then ask: How many kilometres does an angle of 93.90614266° correspond to? 


Let's call the value we wish to find x, and the calculation becomes 


360 —_-93.90614266 
39,898.23 x : 


and, rearranging for x, we obtain the result x = 10,407.11878 km. 
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Google 


The homepage of the Google™ Earth application, an easy way to ‘travel’ to any point on the planet 
and an excellent tool for calculating distances between points on the Earth’s surface. 


Hence, the distance between Tokyo and Barcelona is around 10,344 km. Perhaps 
the most surprising thing about this result is that it can be obtained simply by taking 
coordinates from a map of the world. 

Modern technology enables distances to be calculated with much greater ac- 
curacy, Programs such as Google™ Earth do these calculations very quickly and 
accurately. For example, Google™ Earth indicates that the distance from Barcelona 
to Tokyo is 10,442.62 km. 

Interestingly, calculations done longhand like the one above do not differ sig- 
nificantly from those done by specialist software. A measurement performed with 
Google™ Earth differs by only 98 km from the one we obtained previously. Nev- 
ertheless, these computer applications allow us to work out distances from very 
specific points, even a particular building in a particular street. 

This level of sophistication is impossible with calculations based on a traditional 
paper map of the world. Indeed, the use of computers in aspects of geometry has 


given rise to a new subject called computational geometry. 


GEOMETRY OF THE EARTH 


We cannot end this journey through the geometry of the Earth’s surface without 
recalling the classical description of the sphere, presented by Plato in his dialogue 
Timaeus or On Nature: 


“Here you have the reason why God created in all its variants a single and 
perfect whole, free of old age and sickness. As for its form, it can be none 
other than that which encompasses all forms. This is why he rounded the 
Earth into a sphere and placed all points on its surface at the same distance 
from the centre. It is the most perfect of shapes and the most like unto 
itself, because he thought that similarity is infinitely more beautiful than 
dissimilarity.” 
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Geometry in the 
21st Century 


The appearance of non-Euclidean spatial systems revolutionised thinking about 
geometry. The ancient discipline of ‘measuring shapes’ spilled over into all areas of 
science. Geometry went from being a mathematical backwater to become a vast 
field in its own right, and what until then had been confined to Euclid’s narrow 
world, broadened into a boundless expanse of imagination. Many other kinds of 
geometry arose from the observation of objects and phenomena. In a world of 
increasing complexity, the sciences kept pace by also growing in complexity — and 
its was geometry that led the way. Let’s take a closer look — although it has to be 
said an incomplete one — at how geometry has becomes something of a radical 
subject in our times. 


Integral geometry 


At the end of the twentieth century, a system of geometry that tries to incorporate 
chance and probability theory was born. This modern geometry, very different 
from Euclid’s, is called integral geometry and was started by the Spaniard Luis 
Santalé (1911-2001), an eminent mathematician and teacher. As is often the case, 
it was the desire to understand a classical problem that created the discipline. After 
years of research, Santalé presented his work as Integral Geometry and Geometric 
Probability. 

What began the field of integral geometry was the problem known as ‘Buffon’s 
needle’, postulated by Georges Louis Leclerc, le Comte de Buffon (1707-1788). In 
1777 the count published Volume IV of his great work Supplement to Natural His- 
tory. He included within it a paper with the strange title Essai d’Arithmétique Moral 
(Essay on Moral Arithmetic). In this paper the count tried to apply mathematics to 
the study of the human condition. The needle problem is presented here: 


“Let us imagine a plane divided by horizontal straight lines separated f r 0 m 
each other by a distance a, and we throw onto it a needle of length /, where | < 


a.What is the probability that the needle will fall on one of the lines?” 
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The experiment involves throwing a needle of length / onto a piece of paper 
on which straight parallel lines all separated by a distance of d units have been 
drawn. The needle may intersect one of the parallel lines or it may not. The most 


extraordinary thing about this result is that it allows us to obtain good approxima- 


BUFFON AND MORAL ARITHMETIC 


The Comte de Buffon was a French intellectual during 
the Enlightenment. His real name was Georges Louis 
Leclerc, and he was made a count by Louis XV. He was 
an outstanding naturalist, and his magnum opus, Natu- 
ral History, filled 36 volumes. His work caused him seri- 
ous problems with the Catholic Church, as part of his 


geological research was to attempt to calculate the age 


of the Earth. Despite being wildly wrong, the figure he 
came up with was nevertheless much larger than the The Comte de Buffon, model of 
the enlightened intellectual, in 


an oil painting done by Drouais 
was tried and had to retract his theory, but he contin- in 1753 


6,000 years proclaimed by the Church at the time. He 


ued to refine his calculations in secret. Buffon became a 

member of the Academy of Sciences in Paris in 1734. 

In his work on ‘moral arithmetic’, the count attempted to measure the emotions, hopes and 
fears of mankind. To do this, he needed to find a quantitative unit of measurement for the 
emotions. He chose the fear of death as his standard, and this could have a positive or negative 
value (either hope or fear) by simply changing the sign 

He considered gambling the most harmful passion of men and this led him to study the nature 
of probability. Being familiar with probability theory, introduced by Jakob Bernouilli in 1713, 
Buffon readily connected chance with numbers and then sought to quantify its influence on 
the behaviour of people. This formed the basis for moral arithmetic. 

The Comte de Buffon suggested that geometry would be an effective tool for the calculation 
of probabilities. He wrote: “Analysis has hitherto been the only instrument used in the study 
of probability, as if geometry were not suited for that purpose, whereas in fact just a moment's 
thought will show that the advantage of analysis over probability is merely accidental and that 
chance is as essential to geometry as analysis... To allow geometry to claim its rightful position 
in the science of chance, we need to invent games based on the essence and relationships 


of geometry" 
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tions to the number 7 simply by throwing the needle repeatedly onto the surface. 
The experiment combines elements of classical geometry like areas and distances 
with probability theory. 


If we call the probability that a straight line will be intersected by the needle 
P, then we have 


p=humber of lines intersected _ ¥ 


number of throws n 


If [Sd we obtain Pesesl. acigaoe 
n wed ved 


Buffon proved the formula n= 2 te in a direct but very long-winded way. 

Probability is a good approximation of the frequency with which an event will 
occur, and in this case it becomes more and more accurate as the number of throws 
increases. Buffon’s game and his needle were subjected to a serious test in 1901 when 
Lazaroni threw a needle 34,080 times and obtained m = 3.1415929. Nowadays this 
exercise can be very rapidly done on a computer. 

Furthermore, Bufton’s problem suggests the possibility of measuring geometric 
objects (lengths, areas, etc) and so points to a way of formalising concepts like the 
measurement of sets of lines, planes, etc. Integral geometry analyses and works 
with all these concepts in great detail. Integral geometry has many applications in 
biology and medicine. For example it is the basis of computerised tomography. In 
1979, Briton Godfrey Hounsfield was awarded the Nobel Prize for Medicine for 
his work on developing computerised axial tomography (CAT) based on integral 
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geometry. A recent scientific discipline, stereology, was also developed from integral 
geometry. Stereology is a set of methods for exploring three-dimensional space from 
knowledge of two-dimensional sections or plane projections. For example, it can tell 
us the exact volume of a domino or the precise curvature of a surface, It is employed 
in everything from statistics and geometry to medicine and geology. 


From compasses to computers 


The traditional tools of Euclidean geometry are the ruler and pair of compasses, 
very useful items for constructing simple shapes when we are learning geometry. 
However, nowadays more sophisticated constructions can be produced by taking 
advantage of new technologies. 

The rapid development of the digital world has enabled us to produce complex 
geometric structures on computers. Simulations of new techniques can be run on 
a computer that would be impossible to achieve manually, let alone in a reasonable 
time. This form of mathematics is known as computational geometry and combines 
mathematics with the latest technology. Euclid had no opportunity to develop this 
kind of geometry. 

In the first half of the twentieth century it seemed that classical geometry was 
losing ground to other more abstract geometries. However, paradoxically the new 
technologies came to its rescue. Geometry found a new sense of direction by be- 
coming integrated with computer science. Today we often hear expressions like 2D 
projection or 3D vision, with reference to dimensions, of course. It is notable that 
we all use these expressions quite casually to express two Euclidean concepts: the 
plane (2D) and space (3D). 

In the wake of digital developments, not only have new disciplines such as com- 
putation geometry arisen but other classical subjects such as so-called discrete and 
combinatorial geometry have re-emerged. Their development is related: computa- 
tional geometry needs very complicated tools; moreover, discrete and combinato- 
rial geometry requires so-called vectorials and tensorials, the mathematical theory 
known as harmonic analysis, matrix algebra, and especially IT — particularly the 
branch called algorithmics. 

Discrete and combinatorial geometry studies the complexity of combinations 
of geometric objects. Its essential aim is to determine the number of basic opera- 
tions required to solve a problem of a given size. Hence, finding an effective algo- 
rithm that solves the problem in a certain number of operations provides valuable 
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information on the ‘combinatorial’ complexity 
of the problem. This geometry regularly deals 
with discrete geometric objects like polyhedra 
and spheres and their arrangement in space. 
Remember that in 3D space there are only 
five regular convex polyhedra, the so-called 
Platonic solids. 

Many problems studied by these new tech- 
niques are crucially important in areas like 
signalling theory, computer vision and robot- 
ics. Computational geometry uses a combina- 
tion of several mathematical tools to solve the 
problems of modern life. 

This is the case in the field of medicine, 
especially in CAT scan images or in magnetic 
resonance imaging (MRI). It is also used in 
route finders and mapping software men- 
tioned in the previous chapter and in com- 


Computational geometry makes it 
possible to generating detailed images 
of the inside of the human body, such as 
this cross section of the head. 


puter-assisted design. One example is the popular CAD design program, which 


allows newly designed objects to be viewed from different angles without having 


to be physically constructed or modelled. 


Computational geometry tackles simple geometric problems in 2D space. So 


that the computer knows what to do, it is given all the necessary information down 


to the last detail with all relationships between elements expressed with the greatest 


precision. This set of routines and structured instructions — which form part of an 


algorithm — are used to devise CAD programs. Computers are only able to solve 


geometric problems with the instructions provided by CAD programs. More general 


CAD problems are based on the analysis of polygons and their properties. 
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ALGORITHMICS 


The field of algorithmics involves finding computational solutions to the different problems 
that arise during the development of programs. These solutions are not dependent on the 
programming language used; they are working at a higher level of abstraction. An algorithm 
is the mathematical expression of a task to be performed. It consists of data, conditions and 
actions. It is a list of sequential steps to be taken, a kind of recipe for automating an action. 
This list of actions is translated into a programming language that can be understood by an 
electronic device, such as a computer. The program controls how the machine performs the 
actions concerned, A good example is the robots that work on a car assembly line, like the 
ones pictured below. Their actions are programmed with algorithms. The actions programmed 


into the algorithm do not have to be physical movements. They can also be instructions on 


how to do very complex calculations. 


Artificial eyes for a robot 


Artificial intelligence (Al) is the area of information science dedicated to develop- 
ing non-living rational agents that can think for themselves. Technically, an agent is 
any object or thing that is capable of perceiving its surroundings — by receiving in- 


formation, processing these data and consequently modifying its environment. The 
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THE LIMITS OF ARTIFICIAL INTELLIGENCE 


The debate about artificial intelligence has concentrated the minds of scientists, philosophers 
and artists. Work currently under way generates great media interest, and science fiction fills 
the popular imagination with depictions of a future in which people live with machines that 
are so clever that distinctions between the two begin to blur. Although work on artificial intel- 
ligence is at the forefront of technological research, the great disparity between the processing 
power of a human brain and that of the fastest computers is so great that today’s most intel- 
ligent programs are no match for biological intelligence. The range of possible applications for 


Alis only limited by the imagination of the programmers — humans - and whether we are clever 
enough to figure out how our brains make us so intelligent. 


objective of artificial intelligence is not trivial: It aims to devise processes which, 


once executed in a machine, produce results or actions that maximise performance, 
based on the sequence of perceived inputs and the data stored in it. In other words, 
the aim is for the machine to decide how best to respond and also to learn from 
each action that it takes. 

There are various kinds of data and ways of representing knowledge, as well as a 
range of processes for obtaining optimal results. The basic Al processes include system 
control, automatic planning, the ability to respond to diagnostics and to queries of 
users or consumers, writing recognition, speech recognition and pattern recognition. 
All of this is achieved with various mathematical tools: modelling, pattern interpreta- 
tion, statistics, geometry, image processing, graphics... the list goes on. 

The pioneer of this new world was the British computer scientist, Alan Turing 
(1912-1954), who in 1930 noted that: 


“Artificial intelligence will be achieved when we are no longer able to dis- 
tinguish between a human being and a computer program in a blindfolded 


conversation.” 


Turing was a mathematician, computer program, cryptographer and philosopher. 
He can be considered the father of modern computing. His story is not without 
incident and he is best known for his work during the blitz in Britain. During the 
Second World War, he was director of the decryption division at Bletchley Park, a 
facility dedicated to investigating enemy messages and to deciphering Nazi codes, 
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RENAISSANCE ROBOT 


In 2007, the Swiss robotics researcher Sylvain Calinon of the Learning Algorithms and Systems 
Laboratory (LASA) built a robot able to paint the portrait of a person sitting in front of it, using 
its mechanical hand and a quill pen, periodically dipped in ink. The project was aimed at appli- 
cations such as automated production of identikit pictures of crime suspects or the recognition 
of shapes and figures in 3D space. 

The system is perhaps simpler that it would appear. The robot records the image of the per- 
son in front of it and separates it from the background, To do this it uses pattern-recognition 
and adjustment algorithms to compensate for differences in lighting and model position. The 
robot's programming unit then converts the photo into a vector image, just like any image- 
processing application. When the robot has a clear image of the model it proceeds to draw it 
but, instead of using a printer, it has a ‘hand’ with four degrees of freedom, enabling it to pick 
up a pen and to draw on paper in the same way as a piotter. 


especially those involving the Enigma machine. 
His theoretical work focused on formalising the concepts of algorithms and 


computing in something that became known as a ‘Turing machine’. However, he 
also researched in practical areas too, helping to design one of the first programma- 
ble digital electronic computers. His contributions were fundamental to the debate 
about whether machines can — or will ever be able to — think. 

Computational geometry plays a crucial role in the area of artificial intelligence 
known as artificial vision, computer vision or technical vision. The aim of artificial 
vision is to be able to program a computer to understand a scene visually, to identify 
the various elements of an image. 

In industrial processes that repeatedly manufacture products from identical com- 
ponents, artificial vision means that thousands of manufactured products can be 
assembled and inspected in just a second and defects can be detected with great 
efficiency. It should be said that such systems cannot function without humans but 
assist us as adjuncts to our natural perception. 
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Magnetic resonance 


Although it appears to inhabit an abstract world all of its own, computational ge- 
ometry helps people in an all too real way — by diagnosing diseases. This is achieved 
using devices that use the phenomenon known as magnetic resonance (MR). It can 
be applied very precisely to map the distribution of atoms in the human body. The 
imaging equipment used in this kind of medical detective work is very complex, 
not only because the task it performs requires great sensitivity but also because it 


has to be operated very carefully to avoid harming the patient. 


MATHEMATICS THAT IMPROVE THE WORLD 


Swiss physicist Felix Bloch and American physicist Edward Purcell discovered magnetic reso- 
nance (MR) in 1946. They both received the Nobel Prize for Physics in 1952 for their develop- 
ment of new ways of precisely measuring nuclear magnetic effects. 

The picture below shows how simple and compact MR imaging equipment looks — an MRI 
machine. MRI uses very advanced mathematics but the machines quickly became regular 
medical diagnostic tools. The process of starting with a mathematical theory and giving it a 


technical application that has a real impact on the daily lives of people is accelerating all the 


time. 
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The main component of the device is a magnet that generates an intense mag- 
netic field. This field lines up atomic nuclei in two directions: One is parallel, with 
the field vectors all pointing in the same direction, and the other is anti-parallel, with 
the vectors pointing in the opposite direction. The intensity of the magnetic field 
determines the frequency at which each atom within it resonates. Electromagnetic 
radiation with a specific frequency— usually radio waves — is then passed through 
the subject. The aligned atoms re-emit this radiation after a short while, and these 
‘echoes’ are picked up by detectors. 

Since the main magnet generates a constant field, with all nuclei of the same 
element resonating at the same frequency, zones containing different combinations of 
materials will emit more or fewer of the electromagnetic echoes. All this resonance 
information is quantified by a mathematical tool called a Fourier transform, which 
is used to process the electromagnetic signals coming out of the patient. 

MR started out as a tomographic technology, in other words producing cross- 
sectional images of the human body. Each slice it images has a certain thickness and 
¢ represents a cut between two anatomical sections. The slice comprises volumetric 
elements called voxels (made up of elements of the words ‘volumetric’ and ‘pixel’). 
A voxel is a unit of cubic capacity in a 3D image. Its cousin the pixel — a unit of 
area in two dimensions — is perhaps better known. 

To create a 3D image, voxels have to undergo an opacity transformation. Each 
voxel receives different opacity values based on how much they resonated within 
the field, which are quantified numerically. It is this effect that allows doctors to 
inspect internal anatomy that would otherwise be covered by an outer layer that 
is more opaque than the voxels. The volume of a voxel is about 3 mm’. Each slice 
consists of a great many voxels. 


FOURIER TRANSFORM 


The Fourier transform belongs to a branch of mathematics called harmonic analysis. This math- 
ematical operator is used to break down a signal down into components of different frequen- 
cies. Mathematically it is very complex. It is expressed as a function f with complex values and 
another function g, as follows: 


HB) = J Povie-ece 
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Magnetic resonance enables cross sections of organs to be imaged; the image on the left is a 
horizontal view of the brain at the location indicated by the line in the right photo. 


Finally, the MR image is represented as pixels, with the brightness of a pixel 
being proportional to the strength of the MR signal, according to the content of 
the voxel in the object being studied. This information is displayed and printed out 
as an image with numerical values, so that medical teams can visually interpret it 
and precisely diagnose potential conditions. 
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Digital images 


Sending and receiving pictures by e-mail, taking photos with a digital camera, 
scanning images. These are all now commonplace and everyday activities. The wide 
range of image processing programs and flatscreens have provided all languages 
with new words that are now in regular use. Words such pixel, mentioned above, 
but also vector graphic or rasterised image have been adopted with astonishing ease 
from specialist jargon. 

As is the case with new terms taken from other languages, the notion of a ras- 
terised image may assume various guises: bitmap, matrix image or pixmap. This is 
a file represented by a matrix, a table of pixels or colour dots called a raster, which 
can be viewed on a computer screen or as a printout. The word raster comes from 
the Latin rastrum meaning ‘rake’ and radere for ‘scrape’. 

A vector image is a digital image formed by independent geometric objects, 
i.e. lines, polygons, arcs, etc. Vectors, unlike rasterised images, can be enlarged ad 
infinitum without losing their definition and so are used in graphic design or to 
generate virtual realities in games. In contrast, in a rasterised graphic the outlines 
do not increase in proportion as the overall shape is enlarged. 


PIXEL 


The word pixel is a neologism. It means ‘im- 
age element’ and is the minimum unit of a 
digital image. The image can be viewed on 
various devices, usually connected to a com- 
puter, such as a printer or monitor. The di- 
mensions of a pixel are not uniform, as they 
vary according to the device used to view 
the image, Most computer monitors have 72 
pixels per inch of screen. 


A 16 by 16 pixel image. 
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The pictures below are enlargements beside the original image (100%). The 
letter A on the left is a vector image and the A on the right a rasterised image. 


AD 
a © 


Successive enlargements reveal the differences between the two methods. As we 


zoom in, the A (vectorial) on the left retains its quality, whereas the A (rasterised) on 
the right gradually dissolves into a blurred mosaic of pixels. If we enlarge a digital 
image sufficiently, for example on a computer screen, the pixels comprising the 
image come into view. Pictures are a rectangular matrix of pixels, each of which 
represents a tiny part of the overall image. They look like small squares or rectangles 
and can be coloured, black, white or a shade of grey. 

To convert the digital information stored by a pixel into a colour we need to 
know the depth and brilliance of the colour encoded within the pixel and also 
the colour system we are using. For example, the RGB (Red Green Blue) system 
allows us to create a colour from the three primary colours of light: red, green and 
blue. The respective mix determines which colour we see. Most computer peripher- 


als — the monitor, scanner, etc. — use the RGB system. 
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Each pixel is encoded in the binary system by a string of bits of specific length. 
The number of different colours that can be represented by a pixel depends on the 
number of bits per pixel (bpp). It is possible to calculate the number of colours that a 
pixel can contain. It is obtained by raising the number 2 by the bpp. 


The values most commonly associated with a pixel are: 


1 bpp: 21 = 2 colours, called a monochrome or ‘black-and-white’ system 
2 bpp: 22 = 4 colours, called CGA (colour graphics adapter) 

4 bpp: 24 = 16 colours, called VGA (video graphics array) 

8 bpp: 28 = 256 colours, known as SuperVGA 

16 bpp: 216 = 65,536 colours, known as Highcolor 

24 bpp: 224 = 16,777,216 colours, called the Truecolor system 

48 bpp: 248 = 281,474, 976,710,656 colours, used in high-quality jobs 


The matrix image format or bitmap is the one used to take photographs or video 
film. Indeed, scanners and digital cameras are merely analogue-digital converters. The 
number of pixels in an image is called the resolution. To avoid overloading consumers 
with technical detail, commercial brands express the number of pixels in an image by a 
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To form an image, the pixels are arranged as a matrix, a table with rows and columns. 
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SUPER VGA 


A Super VGA image is formed by M x N pixels and can be viewed as a matrix of dimensions M 
x N the elements of which have a value between 0 and 255, making a total of 256. 


single figure. For example, a digital camera may be rated as 5 megapixels, meaning that 


it has five million pixels. It may also be represented by two numbers; for example, a 


resolution of 640 x 480 means that the pixel matrix contains 640 columns and 480 


rows. Vertical format digital televisions have 
720 columns and 576 rows; high definition 
units have 1,080 rows. 

Bitmap or rasterised images are described 
by their height and width (in pixels) and by 
their colour depth (in bits per pixel), which 
determines the number of different colours 
that can be stored in each pixel — in other 
words the colour quality of the image. 

Computer imaging is developing very 
quickly in an effort to achieve ever greater 
quality. But this race is determined by another 
consideration — file size. Storing high-quality 
images requires a lot of space; image processing 
programs attempt to overcome the problem 
with data compression techniques to reduce 
the size. At a professional level the results are 
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SECURITY CAMERAS 


Security cameras that detect movement capture a series of images as a sequence of photo- 
graphs. They can then quickly compare each snap with the preceding one by subtracting the 
matrix of one image from another. If the result is a matrix in which all the elements are 0, this 
means that there has been no movement in that time interval. However, a non-zero value 
means that the respective images are different. If the image has changed, then there has been 
some movement. 

When bank branches are closed, a security camera with a motion detector frequently records 
and compares photo images. When there is no change (two consecutive images are the same: 
the matrix difference is zero), the device erases the previous picture to save disk space. It stores 
only the sequence of images with apparent changes in them. Mathematics is watching you! 


impressive, but for personal computers there is no easy solution. To save disk space, most 


of the compressions must sacrifice data and hence image quality. IT specialists describe 


such techniques as irreversible-compression or compression-with-loss techniques. 


Often, the decision to use a vector or rasterised image is also conditional on the 


issue of compression.A rasterised image cannot be enlarged without a significant loss 


of quality. This disadvantage contrasts sharply with the possibilities offered by vector 


graphics, which can be adjusted to fit any screen with the maximum resolution. 


A 3D MATRIX 


The notion of a pixel table or matrix can be extended into 
3D computer graphics with a three-dimensional space 
consisting of cubic units, the voxels described previously, 
In that case, the colour information is contained in cube- 
shaped elements (cubits) located in a three-dimensional 
grid or matrix. Although voxels are a powerful tool for han- 
dling complicated shapes, they require a lot of memory. 
Therefore 3D images are usually stored as vectors. 
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CAD: Computer-Aided Design 


Architectural drawings and industrial designs have traditionally been the preserve 
of two-dimensional projections of different kinds, such as plan view, elevation, pro- 
file and proper perspective. These are the devices used by the engineer to give form 
to his ideas and, in particular, to show them to others. Computers have ushered in 
a veritable revolution in this world of design. 
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Today, CAD (Computer-Aided Design) programs are a basic tool for drawing 
projections. However, before sitting down to work on a design, the engineer needs 
to have programmed the equipment so that it understands what he tells it to do. 
Computational geometry provides the mathematical tools with which the CAD 
software can produce its diagrams. 

First, a CAD program uses a list of geometric figures: lines and polylines, poly- 
gons, circles, ellipses and Bézier curves. 

Bézier curves are a system of graphic design developed in 1962 to produce 
curves in technical drawing. Pierre Bézier (1910-1999) was a Renault engineer who 
devised a way of describing this type of curve in mathematical terms. His method 
was initially used in aircraft and automobile design but later it was incorporated into 
CAD.The computer language used by high-quality printers, PostScript, is also based 
on Bézier curves. Drawing applications currently on the market also use the term 
bézier to denote some of their tools. These programs are easy to use and have long 
been the standard in graphic design. All them are based on vector imaging. 

In the world of CAD, bitmap images are considered primitive formats, at least 
from a conceptual perspective, as the way they store information in pixels is not as 
flexible as vector images. Programs that generate vector graphics in CAD environ- 
ments allowing components to be rotated, moved, reflected, extended and tilted, can 
apply fine transformations to them and even combine basic components to view 
fully assembled objects on screen. 


BEZIER CURVES 


The concept of defining shapes geometrically is not too difficult. A point in a plane can be 
defined by coordinates. For example, point A has coordinates (x,, y,) and point B is at (x,, y,). 
All we need to know to draw a straight line between them is their position. Quadratic Bézier 
curves are grade two parabolas, and these require three non-aligned points. The fonts sets 
known as True Type are made up of curves based on quadratic Bézier curves. There are also 
cubic Bézier curves and others of still higher orders. 
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Vector graphics are ideal if the image has to be enlarged later, or for other reasons. 
As we have seen, a vectorial image can be scaled without limit. 

On the other hand, vector graphics are not suitable for encoding photographs 
or videos. Practically all digital cameras store images in bitmap format. Why is that? 
One reason is that data describing vector graphics need fairly complex processing 
before they can form the final image. The processor must be powerful enough to 
do the necessary calculations and not only that but do them reasonably quickly. 
If the data volume is large, displaying an image on the camera's screen may take a 
significantly long time, even for small pictures. However, there are some formats 
that operate by creating a mix of vector and bitmap images. 

Beyond the advantages and disadvantages of the various formats, whether an 
image is displayed on a screen or printed, all pictures are first translated into pixels. 
The pixel is the building block of modern images of the world around us. 


Remote sensing: geographic information systems 


Remote sensing is a relatively new concept, starting in the mid-20th century. 
It uses the satellite images as a research tool. One of the most famous satellites 
orbiting the Earth is Meteosat and is considered to be an excellent model of how 
satellite imaging is operated in practical, everyday terms. It is used for weather fore- 
casting in Europe and North Africa. It is one of five weather satellites distributed 
around the equator to provide updates of the global atmospheric situation ap- 
proximately every half hour. The others are the two GOES, which supply America 
with information, Insat for India, and GMS for Japan. They provide the weather 
pictures seen every day on TV screens around the world. But there are many other 
satellites watching the Earth for purposes that are not strictly meteorological, such 
as cartography or the study of natural resources. 

Satellites are effectively huge digital cameras in permanent orbit around the Earth 
with truly spectacular definition and zoom capabilities. They never sleep, constantly 
capturing images of the planet, which are then sent to computers on the surface. 
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INTERPRETING SATELLITE PICTURES 


ETD R100 2009-82-28 17:88 UTC ? LUMETSA 


Western Europe seen with the infrared camera of 
the Meteosat satellite. 
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The same view imaged with a visible-light camera... 
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... and with a camera attuned to the wavelengths 
reflected by water vapour in the atmosphere. 


Weather satellites send back three 
kinds of image: infrared (IR), visible 
light and water-vapour. 

IR pictures are the ones sometimes 
seen on TV. They show warm ob- 
jects in darker colours and cold ones 
in lighter ones. Therefore, cloudless 
regions tend to be darker, but very 
low clouds and fog can also appear 
dark. High clouds are very cold. 

In a visible-light image, cloudless 
oceans and land appear dark where- 
as clouds and snow are bright. Thick 
clouds are more reflective and ap- 
pear brighter than thin ones. How- 
ever, in these images it is difficult to 
distinguish between high and low 
cloud, and IR is also used to achieve 
this. And at night visible light cam- 
eras are largely useless, so again IR 
images are used. 

Water-vapour images show how 
much water vapour there is in the 
atmosphere and are very useful for 
indicating moist air likely to produce 
rain, Dark colours depict dry air, 
whereas bright white areas show 
that the air is more humid. 
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Satellites operate with sensors very similar to those in ordinary digital cameras, 
although, of course, their performance is incomparably better. 

As well as power, there is another important functional difference between 
the sensors in satellites and ordinary cameras: Those in satellites take pictures 
at a particular wavelength of light anywhere between the infrared (IR) and the 
ultraviolet and record them as digital images. There are also sensors that detect 
only IR light that human eyes cannot detect. 

IR detectors can only spot substances, such as smoke, that fall within their 
field of view. In the movies, this function is often represented as a beam of 
coloured light. Satellites are equipped with IR sensors that pick up specific fre- 
quencies and, in effect, it is possible to see the world in many other wavelengths 
or ‘colours’. 

All objects on the Earth have specific characteristics according to the light 
they emit. An object perceived by human beings as red emits a specific wavelength 
of light which the human visual system registers as red. Other visual systems see 
things differently. Objects reflect different wavelengths of light: If this were not 
the case, we would not be able to distinguish them by vision alone. The same 
effect allows the sensors in a satellite camera to differentiate forests from fields 
and water, which emit different wavelengths of light. Satellites are equipped with 
many other kinds of sensor, for example temperature recorders which pick up 
IR waves. These differentiate between the white of snow and white of clouds 
or can tell whether a region is hotter or colder. Special image processing can 
determine whether the trees in a forest are alive, dead or burnt. 

Despite the level of sophistication, the images sent by satellites are digital, 
meaning that they are essentially the same as the photos taken by someone on 
holiday. The big difference is in resolution. As in ordinary cameras, the size of the 
pixels in images varies from manufacturer to manufacturer, but satellites use their 
own dimensions called spatial resolution. Higher resolution depends on pixels 
being smaller not larger. The smaller the pixel, the greater the resolution an image 
has because it contains more information. The resolution achieved by satellites 
involves a second, more complicated parameter called temporal resolution. This 
is the time taken by a satellite to pass over the same point of the surface again. 

As we have seen in the course of this book, new geometries are not only possible 
but have opened up new routes to human knowledge. Although they may seem 
complex in detail, they are in fact the human face of mathematics. They have not 
only heightened our perception of reality, but their practical applications are found 
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in many areas of everyday life. They are not just abstract formulations in the minds 
of abstruse mathematicians but can prevent diseases and guide people on journeys. 
It could be claimed that the new geometries have made visible that which for 
centuries has been invisible and so broadened our horizons. In summary we can 
say that never has a denial — the rejection of Euclid’s fifth postulate — turned out in 
practice to be so useful to mankind. 
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The Theory of Relativity and 
the New Geometries 


In 1905 Albert Einstein published the Special Theory of Relativity, starting the big- 
gest shake-up in physics since the height of the Scientific Revolution and Isaac 
Newton’s Principia Mathematica. 

Einstein proposed a new way of looking at reality. An event occurs in three- 
dimensional space at a specific point in time. In other words it is located in spacetime, 
and defined by four coordinates — three determine its position in space and the 
fourth specifies its place in time. Of course, these coordinates position it with respect 
to a specific coordinate system. Therefore, the location of an event in spacetime 
depends on the position of the observer, that is, the origin and orientation of the 
coordinate system used to define it. Hence different observers see events differently, 
especially if they are travelling at different speeds. 

An analysis of these concepts in the geometric plane is very revealing. In relativ- 
ity theory, the distance between two events is called an ‘interval’ and is divided into 
two components: space and time. 

The spatial element is the interval of space between the locations of events in 
three-dimensional space, while the temporal element is the time separating both 
events. This arrangement depends on the system of coordinates used and its orien- 
tation, and different observers may obtain different results. However, the interval 
separating two events in four-dimensional spacetime is absolute. It is the same for 
both an observer at rest and for one travelling at a constant speed relative to one 
not moving. 

For observers leaving Earth at a speed close to the speed of light, the spatial 
and temporal elements of the interval will be very different. One observer may 
decide that the time separating the two events is 200 years, whereas the other 
may conclude that the two occurrences are happening at the same time. His or her 
perception of the element of space and the element of time will be very different 
from ours. The geometry of spacetime is odd. In four-dimensional space the distance 
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Event A Event B 


The axis t represents time and the axis x space. The axes at a right angle are a system at rest, 
whereas the axes with a smaller angle between them are a system in motion. The system in motion 
is inclined towards the light ray. In the system at rest observers will see events A and B happening 
at the same time, but in the system in motion they will believe that event B occurs before event A. 


between two points (the interval between two events) appears invariable, but its two 
elements can change within it. 

Three years after Einstein published his first paper on this subject, Hermann 
Minkowski simplified the theory by suggesting a geometric interpretation that 
took Einstein’s strange calculations into account. Of course, the geometry which 
Minkowski used was not Euclidean. He used one of Riemann’s most important 
ideas, namely that the nature of mathematical space is determined by the way in 
which distance is measured. Therefore, the formula for distance determines the kind 
of the geometry. 

If the coordinates representing two events are 


(%%yr2 0h) and (¥prY2»%2f2) 


then in Minkowski geometry the interval J between them is calculated by the 
formula 


2(t,— 4 —( P= -%)? (2-4)? 


where ¢ is the speed of light. However, if the points were in four-dimensional 


140 


APPENDIX 


Euclidean space, the distance between them would be calculated by 


1=Je(, st P(e a Hy, eH Hey az,F: 


This second formula is a direct generalisation of Pythagoras’s theorem for Eu- 
clidean plane geometry, whereas the first, with its negative signs, is not. 


General relativity 


A decade after the Special Theory of Relativity appeared, Einstein published his Gen- 
eral Theory and again took the world of science by storm. His revolutionary ideas 
included the notion that space is curved. The precise meaning of this controversial 
statement is that light rays, which always take the shortest route, do not travel in 
straight lines but bend, seeking out the shortest distances in curved space. Light 
rays bend to different extents depending on the space they encounter — in a strong 
gravitational field they will bend a great deal. 

This phenomenon was demonstrated experimentally in 1919 during a total 
eclipse of the Sun. At the height of the eclipse, light rays from a distant star passed 
very close to the Sun and could be studied in detail. Einstein was correct, the rays 
were bent, and it was also shown that the genius’s predictions were very close to 
calculations done with real data collected during the observation. Straight lines in 
the geometry of general relativity are different from Euclidean straight lines. 

Which of the geometries that we have reviewed in this book did Einstein 
use? As ever in the world of non-Euclidean geometries there is no simple answer. 
In the first place, the notion of curved space is taken from elliptical geometry, in 
that a straight line through the universe doubles back on itself. Secondly, Einstein 
deployed a variant of Minkowski geometry in which the formula for distance fit- 
ting the physical requirements changes from one point in the universe to another, 
according to the strength of the gravitational field. Albert Einstein paid tribute to 
these non-Euclidean geometries in a famous lecture in 1921: 


“IT place great store by these interpretations of geometry; if I had 


not known them I would not have been able to develop the theory of 
relativity.” 
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The relativity of matter and space 


Furthermore, perhaps Einstein would not have arrived at his theory of relativity if 
it had not been for a crucial experiment performed in 1880 by Albert Michelson 
(1852-1931) and Edward Morley (1838-1923). These two physicists tried to de- 
termine the existence of a substance called ‘ether’, which was thought to mediate 
light and electromagnetic radiation through empty space. Sound waves do not 
travel in a vacuum but require a medium like air or water, which also enables us 
to measure the speed of sound. Hence, scientists in the 19th century thought that 
light waves, which travel through the vacuum of space, should also move through 
some medium which had not yet been discovered. 

The experiment involved measuring the time taken by a light ray to travel to a 
mirror and be reflected from it. First, the light ray was aligned with the direction 
of the Earth’s rotation so that, as it travelled towards the mirror, the speed of the 
planet was added to the speed of light through the ether and, on its return journey, 
was subtracted from it, enabling its effect on the ether to be measured. The light ray 
was then aligned perpendicularly to the Earth’s rotation so that the planet’s motion 
did not affect the speed of light in the ether. In this way, the Earth’s rotation would 
or would not affect the distance travelled by light. 

Imagine a similar situation. We are standing in front of a river of width d and 
want to carry out a swimming experiment. Instead of reflecting a ray of light, we 
swim across and back again. The speed ¢ at which we swim corresponds to the speed 
of light and the speed v of the river's current is the speed of the Earth’s rotation. 

We can establish an analogy with the Michelson-Morley experiment if we first 
swim a fixed distance d with the current and then swim against it. We take a time 
t, when we go with the current and a time f, against it. When we swim with the 
current we do so at speed c but move with respect to the bank at a speed (c + v), 
Similarly, when we swim against the current we are actually moving at a speed 


(c-v). 


Using the basic formula, distance = speed x time, we get d=(c+v)t, and 
‘d=(c—v)t,. The time taken to swim across and back will be 


d d 2de 2d/c 
tht =f) + 6 =_——+ —_ = ———_—_ -« ———_—. 


t = 3 
ctv cov (c+v)(c—v) 1-v?/c? 


‘03s back 
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A. Swimming with 


and against the 
River pa d current 
current 
—_—_—__——_. 
—— 
ae’ 
(a) 
B. Swimming across 
the river and 
River d returning to the 
current starting point 
(b) 
C. To remain in line 
with the starting 
A point, the 
POEL swimmer needs 
current tpswin 
against the 
current. 


These results can be checked with a numerical example. Imagine that our river is 
500 metres (0.5 km) wide, that we swim at a speed c = 2 km/hr, and that the river's 
current travels at v = 1 km/hr. Using these figures, we will take 1/6 of an hour to 
cross the river with the current in our favour and half an hour with the current 
against us, that is, a total of 2/3 of an hour (about 0.67 hours). 

In Michelson and Morley’s second situation we swim to the other side of the 
river and return to the starting point. To remain in line with this point we must 
swim against the current. Therefore, we do not swim just the width of the river but 
also have to swim against the current for the distance by which the river carries us 
downstream. As we need to fight against the current all the time, only part of the 
effort we make will take us directly across to the other bank. Hence we swim along 
the hypotenuse of a right-angled triangle and are carried down river along one of 
the triangle’s other sides. 
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Let us call the time taken to cross the river t,. The relationship between the length 
of the journey and the time taken is given by Pythagoras’s theorem: 


(a, =(o4,) +4. 


Rearranging this equation we get: 


i= § 
: i= 


The time taken for the return journey is the same, so that the total time is 


2d/c 


t = F 
oe evtre 


We can check these results with the same numerical values we used in the 
previous situation. Thus we will find that the journey across the river will take us 
1/3 ~0.577 hours. 


Notice that the times of the two journeys differ. The time taken for the journey 
in the direction of motion is u times greater. 
v tal 


The Michelson-Morley result was different: The times recorded in both their 
experiments were the same. This surprising result was not due to a measuring error 
ora fault in the experiment'’s design; they had carried it out with the greatest preci- 
sion and no one could find a defect. What was wrong with the theory? Scientists 
were worried. 

Then an ingenious idea was put forward: In some way the speed of the Earth’s 
rotation ‘contracted length in the direction of motion’ by exactly the right amount 
to cancel the time difference and ensure that the Michelson-Morley results were 
identical. Hence, a planet moving at nearly the speed of light would be flattened 
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in the direction of motion, making it look more like a pancake. A length /' in the 
direction of travel would be related to a length / in the direction perpendicular to 
the direction of travel by 


where 


and is known as the Lorentz-Fitzgerald factor. 

As the speed of light is very large (3010" cm/s), the value of the Lorentz- 
Fitzgerald factor is almost 1 until v approaches about 10% of the speed of light. 

Why could Michelson and Morley not detect this flattening in the direction 
of motion? Because when rulers are placed in the direction of the Earth’s motion, 
they also shrink. The theory of contraction could never be proven with direct 
measurements. 

If we took a high-speed photo, could we see a ball that is moving at nearly the 
speed of light being flattened into the shape of pancake? No, not even a frozen 
image of movement would enable us to view the contraction. Why is that? The 
explanation is that an optical distortion compensates for the flattening. 

The human eye (and a camera lens) work because they capture particles of light, 
photons, which are reflected from objects. Light coming from very distant objects 
may take a long time to reach our eyes — for example, light takes 8 minutes to 
come from the Sun and the light of a distant star may have been emitted millions 
of years ago. Similarly, when an object moves, we see an image of its nearer parts 
at the same time as its more distant parts, although the former image was actually 
emitted slightly earlier. This time lag is due to the fact that the speed of light is finite. 
Thus, an object looks lengthened in the direction of motion. This stretching effect 
compensates for the contraction in our perception. 

The theory of the Lorentz-Fitzgerald contraction was based on a complicated 
idea about how matter interacted with the ether but, in the end, the scientific com- 
munity had to admit that this substance did not exist. 
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Twenty-four years after the Michelson-Morley experiment Einstein realised that 
the speed of light is not affected by the motion of a source or of an observer. The 
speed of the Earth cannot be added to or subtracted from the speed of light in the 
Michelson-Morley experiment. Einstein’s theory predicts the same time, 2d/c, for 
the return journey, irrespective of the location of their equipment. 

Furthermore, the theory of relativity also allows us to predict a contraction in 
length in the direction of relative motion, by exactly the amount of the Lorentz~ 
Fitzgerald factor. However, in the explanation of the Michelson-Morley experiment 
this relativistic contraction has nothing to do with the ether or with Lorentz’s theory. 
Einstein’s theory removed the need for the ether altogether. The reason for the 
relativistic contraction of length is to be found within the theory of relativity itself, 
in the relative motion of object and observer. The length of an object travelling at 
nearly the speed of light contracts in the direction it appears to be moving (although 
the effect cannot be seen, as we have said). To someone travelling with the moving 
object it would seem that it is we who are travelling at nearly the speed of light and 
who are flattened into pancakes in our apparent direction of travel. 

Another consequence of relativity is that time also contracts with motion. Con- 
sider two observers who are travelling at a constant speed v with respect to each 
other. Each of them will see that the other's watch is running more slowly than his 
own, by a factor of y . This strange result is known as the ‘time paradox’. 


146 


Bibliography 

Devuin, K.: The Language of Mathematics, New York, Freeman & Co., 1988. 

Eucutp: Euclid’s Elements, Translated by Thomas L. Heath, Santa Fe, Green Lion 
Press, 2002. 

Eves, H.: Fundamentals of Modern Elementary Geometry, Sudbury, MA, Jones and 
Bartlett Publishers, Inc, 1992. 

Faber, R.L.: Foundations of Euclidean and Non-Euclidean Geometries, New York, 
Dekker, 1983. 

GarFUNKEL, S. (coord. COMAP): For All Practical Purposes, New York, Freeman, 
2008. 

GREENBERG, M,J.; Euclidean and Non-Euclidean Geometries, New York, Freeman, 
1993. 

Jacoss, H.R.: Geometry, New York, Freeman, 2003. 

Krause, E.F: Taxicab Geometry, New York, Dover, 1988. 

Parker, S.: Albert Einstein and the Laws of Relativity, New York, Chelsea House 
Publishers, 1994, 

Smart, J.R.: Modern Geometries, California, Brooks/Cole, Pacific Grove, 1988. 


147 


= 


Index 


absolute value 16 
algorithm 120, 122 
angle 18-19, 48-51, 81, 92, 96, 100, 
101, 114, 140 

acute 49,50,51,81 

of parallels 80-81 

obtuse 49,50 

right 29, 49, 50, 81, 105, 106, 140 
Archimedes 25 
area 33, 60, 83-85, 100-104, 129 
Artificial Intelligence 122, 124 
axiom 29, 67, 84,96 


Bézier 134 
Bible, The 26 
Bolyai, 
Farkas 33, 55,56, 58-59 
Janos 10, 33, 40, 53, 55-56, 57, 58, 
60, 67, 79, 88 
bpp 130 
Buffon, Comte de 117-119 


CAD 121, 133-134 

centre 19,30, 91,97, 99, 101 

circumference 19-21, 30, 33, 65, 
84-87, 91, 95, 97-98, 100-102, 
104, 105, 114 

Clavio, Christopher 46-47 

computerised axial tomography (CAT) 
119, 120 

congruence 48 

cosine 88,91, 105, 114 
hyperbolic 88-93 

cube 28, 35, 132 


curve 25, 61-64, 68, 69, 73, 82, 95, 102 


degree 96, 100, 109, 110, 114 

Descartes, René 25, 39,47 

diameter 25, 30, 97, 98 

digital 120, 128-130, 137 

dimension 35, 38,65, 109 

distance 9, 10, 11-24, 40, 45, 62, 73-75, 
80-82, 102, 106, 113-116, 140-146 

divisibility 27 

dodecahedron 28 

Diirer, Alberto 34-36 


Earth 10,76, 95-99, 102, 104, 
107-116, 135-137, 139, 142, 
145, 146 

Einstein, Albert 10, 16, 65,70, 74-76, 
139-142, 146 

Elements of Geometry, The 38, 41, 46- 
47,54 

elipse 21, 95-97 

eliptical 10, 40, 61, 67-72, 76, 77, 
95-106, 141 

equator 73,98, 107-114, 135 

equidistance 19,32, 46, 47 

Euclid 9, 10, 11, 25-41, 43-52, 55, 59, 
66, 69, 71-76, 79, 83, 84, 90, 96 

Euclidean 9, 15-23, 25-41, 53-77, 79, 
81-92, 102, 105, 106, 120, 140, 141 


Gauss, Carl Friedrich 10,33, 56-59, 
67,68 

geodesic 68, 102, 106, 113 

globe 10, 68, 73, 96, 99, 107-116 


INDEX 


Google™ Earth 113,115 
GPS 135-138 
Greenwich 109, 110,114 


hyperbolic 10, 40, 50, 53-56, 60-66, 
69-74, 76,77, 79-94 


icosahedron 28 
image 36, 124, 126, 127, 128-138 
infinite 

geodesic 102, 106 

parallels 66,80 

lines 71,72, 106 


Kandinsky, Vassily 32 

Kant, Immanuel 38, 39, 57 
Kazan, Universidad de 53,54 
Khayam, Omar 46, 48 
Klein, Felix 65, 66,70 


Lambert, Johann Heinrich 49, 51,52, 
84 

latitude 108-114 

Legendre, Adrien-Marie 32 

line 25, 29, 32, 34, 35, 36, 38, 40, 41, 
47,55, 63, 82, 102, 106, 134 

Lobachevski, Nikolai 10, 40, 53-56, 
60, 62, 63, 67, 68, 69-71, 79, 86, 88 

longitude 18, 82-88, 100-102, 104-105, 
109-114 


magnitude 27, 45, 86, 89,91, 103 
Mappa Mundi 113-116 

megapixels 130 

meridian 73, 97-99, 107-112, 113, 114 
Meteosat 135, 136 


method 25, 48, 102, 120, 134 
magnetic resonance imaging (MRI) 
121, 125-127 


octahedron 28 


parallel 9, 11,25, 29, 32, 33, 34, 36, 38, 
40, 41, 44-46, 49-52, 53-60, 62-67, 
69-74, 79-82, 88, 97, 98, 102, 107- 
113, 118, 126 

permutations 14 

pixel 127-137 

Plato 25, 27, 28, 116 

Platonic solids 28, 121 

Playfair, John 33, 38, 45 

point 29, 30, 32, 33, 34-38, 40-41, 
44-52, 53, 55, 60-63, 65-66, 69-71, 
79-82, 84, 95-98, 102, 106, 140 

polygons 27, 121, 128, 134 

postulate 27,29, 30, 31-33, 38, 40, 43 
fifth 9, 10, 25-34, 38, 40, 43, 45, 

46-52, 53-55, 58-67, 79, 82, 84, 
97, 138 

prime numbers 27 

Proclus 32, 43-45 

proportionality 27,81, 83, 84 

proposition 27, 29, 43, 46, 51,60 

pseudosphere 62, 63,77, 91 

Ptolomey 25, 43-44 

Pythagoras 27,82, 86 


quadrilateral 11, 46, 60, 83 
Lambert's 51 
Saccheri’s 48-51 


radian 100 


150 


INDEX 


relativity, theory of 10, 16, 74-77, 139, 
141-146 

RGB 129 

Riemann, Bernhard 10, 11, 40,58, 
67-71, 74, 75, 95, 97, 140 


Saccheri, Girolamo 46-52 

Santalé, Luis 117 

segment 16, 23, 25, 27, 30, 65,97, 102, 
128, 139, 140 

similarity 27,85 

sine 88,91, 105 
hyperbolic 84, 88-93 

sphere 41, 68-73, 77, 95, 96-99, 
102-105, 108-116 

spherical 10, 41,72, 97-102, 105-106, 
112 

stereology 120 

straight line 11, 13,25, 29, 30, 32, 33, 
34, 36, 40, 41, 43-47, 50, 51, 61-73, 
79-82, 95,97, 106, 108, 109, 117, 
119, 141 


tangent 91,97 
hyperbolic 88,89 

Taylor, Brook 86 

theorem 25, 27,29, 32, 43, 52,96 
algebraic 57 
big point 34 
fundamental of hyperbolic 

geometry 80,90 
Pythaoras’ 31, 82, 86-88, 
105-106, 144 

sines and cosines 89, 105, 114 
tetrahedron 28 

tractrix 61,62 

triangle 10, 13, 18, 31, 33, 40, 47, 50, 
60, 68-71, 73, 83-84, 86-87, 89, 92, 
93, 96-106, 112-114, 144 

trihedron 98,99 

trigonometry 55, 60, 87-94 

Turing, Alan Mathison 123, 124 


universe 28, 65,69, 70, 74-77, 141 


Wallis, John 47 


151 


When Straight 
Lines Curve 


Non-Euclidian geometry 


Since the time of Euclid, more than two thousand years 

ago, there seemed to be only one kind of geometry. However, 
new developments in mathematics have put forward alternative 
geometries in which worlds curve in a dizzying fashion. It 
may seem crazy, but these worlds exist and we live in them all 


simultaneously. 


